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Abstract—Tree-search-based detection provides a promising
performance-complexity trade-off for large-scale multiple-input
multiple-output (MIMO) systems. In this work, we propose a
reduced-basis constrained tree search (RB-CTS) framework for
large-scale MIMO detection, where lattice reduction is incor-
porated to improve the conditioning of the effective channel.
Specifically, Lenstra-Lenstra-Lovasz (LLL) lattice reduction is
employed to enable a modulation-insensitive constrained prefix
search (PS), during which the probability of successful prefix
retention is analytically characterized, followed by a Babai-
based completion to construct full-length candidate solutions.
Meanwhile, it is analytically shown that the proposed detector
attains the full receive diversity order under i.i.d. Rayleigh fading.
Numerical results demonstrate a favorable detection trade-off,
especially for higher-order modulations.

Index Terms—Large-scale MIMO detection, tree search, lattice
reduction, receive diversity

I. INTRODUCTION

Uplink detection in large-scale multiple-input multiple-
output (MIMO) systems is a fundamental problem for re-
alizing the potential performance gains [1], [2]. However,
the maximum likelihood (ML) detector entails prohibitive
computational complexity, rendering it impractical for hard-
ware implementation and motivating the development of tree-
search-based detection schemes that significantly reduce the
search space [3], [4]. Despite their effectiveness, many existing
tree-search-based methods — most notably sphere decoding
— exhibit highly variable computational complexity and in-
herently sequential processing, which limits their suitability for
real-time and hardware-constrained systems. To address these
drawbacks, fixed-complexity variants and other structured tree
search schemes have been proposed to provide predictable
complexity while retaining near-ML performance.

In particular, the k-best algorithm and its variant [5], [6]
perform tree expansion in a breadth-first manner, retaining
only the best k partial candidates at each layer according
to a predefined path metric, thereby achieving fixed and
predictable computational complexity. Another representative
approach is the fixed-complexity sphere decoder (FSD) [7],
which adopts a depth-first search strategy with a predetermined
expansion pattern: a subset of layers is fully expanded, while
the remaining layers are resolved via successive interference
cancellation (SIC). It has been shown that FSD can achieve full
receive diversity provided that the number of full expansion
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(FE) layers p satisfies p > /n — 1 in an n X n complex
MIMO system [8]. Various refinements of FSD have been
proposed, including the introduction of channel-dependent
switching points to reduce the average complexity [9], as
well as efficient implementations tailored for large quadrature
amplitude modulation (QAM) constellations in soft-output
detection [10]. These developments make FSD particularly
attractive for hardware implementation.

Despite these developments, existing FSD-based schemes
still incur considerable computational overhead in the FE
stage, as the number of visited nodes grows rapidly with
the modulation order due to exhaustive enumeration. More
broadly, this limitation reflects a common challenge shared
by many structured tree-search-based detectors: controlling
the growth of candidate expansions at each layer without
sacrificing detection reliability. Motivated by this observation,
we propose a reduced-basis constrained tree search (RB-CTS)
framework for large-scale MIMO detection. By incorporating
lattice reduction, the proposed framework improves the con-
ditioning of the effective channel. As a result, the candidate
distribution is more concentrated around the true transmitted
symbols, thereby reducing the number of candidates required
at each prefix search phase.

The main contributions of this paper are as follows. We
propose a modulation-insensitive constrained prefix search
that constructs a fixed-size candidate set independent of the
modulation order, develop an analytical characterization of
the corresponding successful prefix-retention probability, and
show that the proposed RB-CTS framework achieves full
receive diversity under i.i.d. Rayleigh fading.

II. SYSTEM MODEL

Consider a real-valued n x n large-scale MIMO system
obtained via an equivalent transformation of the complex
model [4], where n denotes the number of receive and transmit
antennas. Let x € A" denote the transmitted signal, and the
corresponding received signal ¢ € R™ is given by

c=Hx+w, (D

where H € R™*" is the channel matrix with i.i.d. real-valued
Gaussian entries, w € R" is the additive white Gaussian noise
(AWGN) vector with zero mean and variance 2. The symbol
alphabet X = {£1,43,...,+(v/M — 1)} corresponds to
an v/M-ary pulse amplitude modulation (PAM) constellation



associated with square M-QAM. The optimal ML detection
problem is formulated as

%\ = arg min ||Hx — c||?, 2)
xexn
which naturally corresponds to the closest vector problem

(CVP) in lattice decoding [11]. The n-dimensional lattice A
generated by the full-rank matrix H is defined as:

A={Hx:xeZ"}, 3)
where H serves as the lattice basis.

III. REDUCED-BASIS CONSTRAINED TREE SEARCH

In the context of MIMO detection, lattice reduction is
applied to the channel matrix by seeking a unimodular trans-
formation T € Z™*™ such that

H=HT. “4)

The resulting basis H = {hy,... h,} is said to be LLL-
reduced if it satisfies the following two conditions [11]:

lpijl <3, 1<j<i<n, (5)
||ﬁz +/~Li,i71fli71”2 > 5”131'71”27 1<i<n, (6)

wherejli denotes the i-th Gram-Schmidt (GS) vector of the
basis H, y; ; are the corresponding GS coefficients, and ¢ €
(1/4,1) is the Lovész constant. These two conditions imply
that the lengths of the GS vectors do not decrease too rapidly,
since

Ball® = (6 — i) lima]|* = (6 = Dlhial®. ()

As a result, the reduced basis H typically exhibits improved
orthogonality, which is beneficial for the subsequent tree
search.

A. Algorithm Description

We first describe the proposed reduced-basis constrained
tree search (RB-CTS) algorithm on an ordered upper-triangular
system. Specifically, an appropriate column permutation P is
applied to the reduced lattice basis H, followed by a QR
decomposition, _

HP = QR, ®)

where Q € R™ ™ is an orthogonal matrix and R € R"*"
is an upper-triangular matrix. The resulting equivalent upper-
triangular system is given by

y = Rz +n, 9

where y = QTc, z = PTT 'x € Z", and n = QTw with
02 = 02. Based on (9), the proposed RB-CTS algorithm
performs reverse sequential detection from layer n to layer
1. Let 2; denote the estimate at the i-th layer. The associated

soft center is calculated according to

1 n
% = 7(yz -y Ti,k2k>7
Tii

k=i+1

(10)

where 7; ;, denotes the (i, k)-th entry of R. Then, the esti-
mate Z; in RB-CTS is successively determined through the
following two phases:

a) Constrained Prefix Search (PS): This phase operates
on the last p layers of the ordered R, with the index set Zpg =
{n,n—1,...,n—p+1}, where the PS depth p is a predefined
parameter, and its selection guideline is provided in Section IV.
A limited number of candidate symbols around the soft center
Z; are retained at each prefix layer. Specifically, the 25 nearest
integer points centered at | Z; | are selected, i.e.,

Chs = {[Z:]=S+1,..., |&],..., [Z]+5},

where |- | denotes the floor operation and the integer S is the
per-layer search radius. In practice, a relatively small value of
S is sufficient (e.g., S = 2 for 64-QAM). The resulting prefix
candidate set is defined as the Cartesian product

A n—p+1
ZpS:CPSp ><'~'><Cgs,

i € Ipg, (11)

12)

where each element Z,,_,41., € Zpg represents a surviving
prefix vector.

b) Babai Completion: This phase completes the symbol
estimates for the remaining n — p layers, with the index
set Iy = {n — p,n —p — 1,...,1}. For each retained
prefix Z,_pi1:, the remaining layers are deterministically
determined via Babai’s nearest-plane algorithm [12] according
to
xS IB,

Z = %], (13)

where |-] denotes rounding to the nearest integer. This proce-
dure yields a unique Babai completion

A
=Z

ZB(in—p-&-l:n) l:in—p- (14)

In the context of MIMO detection, this Babai completion
is equivalent to SIC detection. The completed lattice point
corresponding to a given prefix Z,_p41., is constructed via
the mapping

A {ZB(ian;n)} c 7. (15)

D(Zp_piim) = .
( P ) Zp—p+1in
Among all completed points generated from the prefix set,
the final hard decision is obtained as

ZRB-CTS = argmin”yfRsz. (16)

z€P(Zpg)
Compared with FSD [8], which enumerates all constellation
points during its full-expansion stage and generates V"
candidates, the proposed RB-CTS reduces the candidate set
cardinality to (2S)P. This reduction becomes increasingly
pronounced for higher-order modulations.

In this work, we adopt a column ordering strategy similar
to that used in FSD [8] to obtain the permutation matrix P,
where an iterative ordering is performed on the columns of
H. At iteration ¢, a QR decomposition

H; = Q:R; (17
is computed, and the metric
di = |Ri e, k=1,.... (18)

is evaluated, where ey, is the kth standard basis vector, and Q;
and R; denote the orthogonal and upper-triangular matrices at



the ¢-th iteration, respectively. During iterations corresponding
to the Babai completion phase, i.e., ¢ € Zp, the column
associated with the minimum dj, is selected, whereas for the
constrained PS phase, i.e., i € Zpg, the column with the
maximum dy, is chosen. This criterion amounts to selecting
layers with smaller or larger zero-forcing noise amplification,
respectively [13]. The resulting column ordering is represented
by the permutation matrix P.

B. Reliability of the PS Phase

To quantify the reliability of the PS phase, we examine how
likely the correct symbol vector is retained during this phase.
Substituting y; = ;2 + > ,5; Ti,k2k + i into (10) yields

n
- Uz Tk 2
Z2i— 2z =—+ E (2 — 2k),
T i1

k=i+1 “°

19)
where n; ~ N(0,02). Equation (19) shows that the deviation
of the soft center z; from the true symbol z; consists of
two components: a noise term scaled by 1/|r;;| and an
interference term caused by error propagation from previously
detected layers. As ensured by (7), LLL reduction improves
the orthogonality of the effective lattice basis, resulting in
more balanced diagonal entries |r;;| and reduced relative
off-diagonal coupling |r;;/r;;|. Consequently, both noise
amplification and error propagation are mitigated, leading to
a tighter concentration of z; around z;.

Motivated by this concentration behavior, we next bound the
probability that the correct symbol vector is retained during
the PS phase, denoted as Pr(x € Spg). Here, with a slight
abuse of notation, the event x € Spg is defined to indicate
that the PS prefix of the associated true lattice vector z is
retained, i.e., Zp—pt1:n € Zps.

Lemma 1. The probability of successful prefix retention dur-
ing the PS phase satisfies

2 ton 12
Pr(x € Sps) > 1 p- exp(smm"j“) ., (QO)
2k0;

where p is the PS depth, S is the per-layer prefix search
radius, and k > 0 is a constant determined by the residual
interference level.

Proof. The result follows by first upper bounding the prob-
ability that the correct prefix is excluded during the PS
phase. Conditioned on previous decisions, the interference
term in (19) can be regarded as a data-dependent perturbation.
Accordingly, we introduce an analytical dispersion parameter

2y

where the constant « absorbs the effect of the interference term
and depends on the quality of the reduced basis. In general, a
larger § is associated with a smaller .

At layer ¢, the event that the correct symbol z; is not retained
in the PS candidate set Chg implies |Z; — z;| > S. Applying a
Gaussian tail bound yields

, S S?
Pr(z; ¢ Cpg) < 2Q<8> < exp <—252> ) (22)

)

where Q(r) = \/% [ e ¥/2dt denotes the Gaussian Q-
function. Applying the union bound over the p PS layers yields

Pr(x ¢ Spg) < Z Pr(z; ¢ Chs) <p- nax Pr(z; ¢ Chg)

i€Lps
52 min; |r; ;|2
— - exp( 2 rial 23)
2Ko2
which yields the bound in (20). O

Lemma 1 reveals two important implications for the pro-
posed RB-CTS algorithm. First, LLL reduction improves
the orthogonality of the effective lattice basis, which has
two beneficial effects on the exponential bound in (20).
On one hand, by balancing the diagonal entries |r;;|, LLL
reduction alleviates extremely small values and thus tends to
increase the minimum diagonal entry min, |r; ;|. On the other
hand, the reduced basis exhibits weaker inter-layer coupling,
which mitigates error propagation and effectively reduces the
interference-related constant x. As a result, the exponential
term in (20) decays faster, significantly lowering Pr(x ¢ Spg).
Second, owing to this exponential concentration behavior, a
relatively small integer radius S is sufficient to ensure a high
probability of successful prefix retention during the PS phase.
This observation justifies retaining only a limited number
of nearest candidates at each PS layer, thereby substantially
reducing the number of visited search nodes.

C. Complexity Analysis

We now evaluate the computational complexity of the pro-
posed RB-CTS algorithm in terms of (i) the number of visited
tree nodes N4 and (ii) the floating-point operations (FLOPs)
per visited node. Let Npg and Np denote the numbers of
visited nodes in the PS phase and the Babai completion phase,
respectively, such that Ny,qe = Nps + Np.

At the PS phase, 2.5 candidate symbols are retained at each
layer. As a result, the total number of visited nodes during the
PS phase is given by

L 28)Ptt — 28
Nes =) (25)" = (QW

{=1

(24)

Since (25)P PS prefixes survive and each prefix is determinis-
tically completed over the remaining (n — p) layers via Babai
completion, the number of visited nodes in the completion
phase is

Np = (n—p)(25)P. (25)

Therefore, the total number of visited nodes of the proposed
RB-CTS algorithm is

(25)ptt — 28
25 -1
which is essentially insensitive to the modulation order for a

fixed small integer S.

Each visited node accounts for one partial Euclidean dis-
tance update on the upper-triangular system, whose computa-
tional cost scales linearly with the dimension n. As a result,

Nuode = T+ (n-p)(25) = O(n(25)"), (26)



the overall search complexity of RB-CTS can be approximated
as

Cre-cts = O(n) Npode = O(n*(25)7) . (27)

In addition to the tree search, the proposed detector requires
a one-time LLL lattice reduction as preprocessing, whose
computational complexity is O(n3logn) [14]. The column
ordering applied after lattice reduction involves a sequence of
QR decompositions and metric evaluations, incurring at most
O(n3) computational cost. Since the subsequent tree search
complexity grows exponentially with the PS depth p, both the
LLL reduction and the ordering overhead are asymptotically
dominated by the search phase.

IV. RECEIVE DIVERSITY ANALYSIS

In this section, we analyze the receive diversity of the
proposed RB-CTS detector. Define the minimum distance of
a lattice generated by a full-column-rank matrix A as

d(A) 2

min

(| Azl|;.
2€27\{0}

(28)
Due to the invariance of the lattice minimum distance under
unimodular, permutation, and orthogonal transformations [12],
we have d(H) = d(H), and the following Lemma holds [15].

Lemma 2. There exists a constant ¢ > 0, depending only on
the dimension n and the LLL parameter 6, such that if

[wll2 < cd(H), (29)

then all decisions in the Babai completion phase are correct.

Then, we establish the Theorem below.

Theorem 1. For an i.i.d. Rayleigh fading MIMO channel, the
proposed RB-CTS achieves the full receive diversity order, i.e.,
log PRB-CTS

_ €

lim ——— =n,

(30)
p—>00 log p

where p = 1/02 denotes the signal-to-noise ratio (SNR).

Proof. The error event can be decomposed by conditioning on
whether the correct vector is retained after the PS phase and
whether the noise realization lies within the reliable decoding
region of the Babai completion phase, yielding

PRBCTS — Pr(x # x)

< Pr(x ¢ Sps) + Pr(x # x | x € Spg, |[w|l2 < cd(H))
+Pr(|[wlz > cd(H)), 31)

where ¢ > 0 is the constant specified in Lemma 2. From
Lemma 1, the probability that the correct vector is excluded
in the PS phase satisfies

52 mini ‘ri,i|2

Pr(x ¢ Sps) <p-exp(— )=o), @

2
2Kk02

i.e., it decays exponentially fast in p and is asymptotically
negligible compared with p~".

. - © -FSD2n=8

= = —-A-—RB-CTS2n=8S5=1
FSD-4 n = 16

——RB-CTS-4n=165 =1
FSD-2 n = 16

, |—B—RB-CTS-3n=165=2

15 20 25
E,/Ny(dB)

Fig. 1. Performance comparison for n X n real-valued MIMO systems.

Conditioned on x € Spg and ||w|]2 < ¢d(H), Lemma 2
implies that the true vector x is contained in the final can-
didate list. Consequently, the proposed detector performs ML
selection over this list, yielding

Pr(X # x | x € Spg, ||w|l2 < cd(H)) < PM',  (33)

where PML denotes the error probability of the ML detector.
It remains to bound Pr(|[w|z > cd(H)). Choose any a €
(0, 1). Since d(H) = d(H), by the union bound,

Pr([[wll2>cd(H)) <Pr(d(H) <p™*)+Pr([[wll2>cp™?). (34)

Let < denote exponential inequality in p, i.e., f(p)<g(p) if

101%) g (pp) < limsup, ., 101% g(pp). It then follows

that, by choosing « € (0, %) arbitrarily close to 2,

limsup,_, .,

Pr(|[wll2 > cd(H)) <p~", (35)

similar to the proof in [15]. Since ML detection achieves
the full receive diversity order n in ii.d. Rayleigh fading,
combining (32), (33) and (35) implies that the proposed RB-
CTS attains the full receive diversity order. O

Remark 1. The Lovdsz constant § affects only the constant
c in Lemma 2 and thus influences the SNR gap but not the
diversity order [15]. Besides, inspired by the ordering analysis
in [8] associated with (18), for a real-valued system, selecting
the PS depth as p > 2(«/71/2 — 1) is sufficient in practice to
retain full receive diversity of the proposed RB-CTS.

V. NUMERICAL RESULTS

Simulation results are provided to evaluate the bit error rate
(BER) performance, diversity order, and complexity character-
istics of the proposed RB-CTS detector. Within RB-CTS, the
classical FSD [8] can be viewed as a representative special
case that fully enumerates all constellation points over the
first p layers; hence, it is included as a natural benchmark.
The Lovasz constant in the applied LLL reduction is fixed to
0 = 0.75. Fig. 1 compares the BER performance of RB-CTS
and FSD over n x n real-valued MIMO systems under QPSK,
16-QAM, and 64-QAM. Here, “RB-CTS-p” denotes RB-CTS
with p PS layers, while “FSD-p” denotes the corresponding
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Fig. 2. Performance comparison under 32 x 32 real-valued MIMO system.

FSD with p fully-expanded layers. For most configurations, the
parameter p satisfies p > 2(y/n/2 — 1) (i.e., p =2 for 8 x 8
and p = 4 for 16 x 16 systems), under which the FSD curves
exhibit the same asymptotic slope as ML detection and can
be regarded as full-diversity references [8]. Although, for the
16 x 16 system, a clear performance gap is observed under 16-
QAM, RB-CTS employs only 2% candidate vectors, compared
to 4* = 2% candidates used by FSD. Under 64-QAM, FSD
with p = 4 is computationally infeasible and thus omitted;
instead, a pair of curves with equal candidate-node complexity
is highlighted, corresponding to FSD with p = 2 and RB-CTS
with S = 2, p = 3, for reference. Overall, the results confirm
that RB-CTS achieves the expected full diversity order.

Fig. 2 compares the BER performance under a 32 x 32
real-valued MIMO system with 256-QAM and 1024-QAM.
The corresponding numbers of visited search nodes are sum-
marized in Table I. The improved k-best sphere decoding
(IKSD) [6] with k& = 16 and a fixed threshold A = 302 is
also included as a reference. Under higher-order modulation,
the proposed RB-CTS achieves comparable BER performance
with substantially fewer visited nodes than FSD. Specifically,
under 256-QAM, RB-CTS-4 with S = 4 slightly outperforms
FSD-3 while visiting only 37,842 nodes, which is significantly
lower than the 123,152 nodes required by FSD-3 (see Table I).
A similar trend is observed under 1024-QAM, where RB-CTS-
4 with S = 2 achieves comparable performance to FSD-2
with a lower search complexity. Moreover, RB-CTS-4 with
S = 3 under 1024-QAM significantly outperforms FSD-2
while incurring only a modest increase in the number of visited
nodes. These results demonstrate the favorable performance-
complexity trade-off enabled by RB-CTS in high-order modu-
lation scenarios. For completeness, we note that applying FSD-
3 under 1024-QAM would require approximately 9.8 x 10°
visited nodes, which is computationally prohibitive and there-
fore omitted from Fig. 2.

VI. CONCLUSION

In this paper, we proposed a reduced-basis constrained tree
search (RB-CTS) framework for large-scale MIMO detection.
While leveraging standard lattice reduction and Babai comple-

TABLE I
AVERAGE VISITED NODES FOR FIG. 2.

Method 256-QAM 1024-QAM
1,940 (p=3,5=2) 1,122 (p=2, S =3)
RB-CTS | 6,522 (p=3,5=3) 7508 (p=4,5=2)
37842 (p=4,5=3) | 37842 (p=4, S =3)
FSD 123,152 31,776

tion, the proposed method is distinguished by a modulation-
insensitive constrained prefix search with fixed candidate size
independent of the modulation order. Its reliability is char-
acterized via a prefix-retention probability analysis, and full
receive diversity is shown to be preserved despite the reduced

search space.
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