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Abstract—In this paper, complexity reduction for randomized
iterative detection is pursued to facilitate the low-complexity
linear detection in uplink extremely large-scale multiple-input
multiple-output (XL-MIMO) communications. First, by intro-
ducing the step size into randomized iterations and properly
selecting its value, we demonstrate that a faster convergence
rate can be achieved. Additionally, it is shown that, based on the
Taylor expansion, the computational complexity of randomized
iterative detection can be significantly reduced with negligible
performance loss. As a result, the proposed low-complexity
randomized iterative detection (LCRID) algorithm greatly re-
duces the computational complexity of the baseline randomized
iterations from O(NK

1.5
l) to O(NKl) while achieving better

detection performance, where N , K and l respectively indicate
the numbers of antennas at the receiver and transmitter sides
and the number of iterations. Furthermore, the technique of
conditional sampling is applied to LCRID, which not only boosts
its convergence rate but also simplifies the iterative operations.
Finally, extensive simulation results about XL-MIMO are given
to show the superiority of the LCRID algorithm in terms of both
detection performance and complexity.

Index Terms—Signal detection, XL-MIMO, complexity reduc-
tion, random sampling, iterative detection, randomized iterations.

I. INTRODUCTION

E
XTREMELY large-scale multiple-input multiple-output

(XL-MIMO) communication has emerged as a promising

technique for 6G by greatly improving the network capacity

without extra bandwidth cost [1], [2], [3], [4], [5]. However, the

rapid increase in system dimensions of XL-MIMO also imposes
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pressing challenges upon uplink signal detection [6], [7]. For

example, given the numbers of the receive and transmit anten-

nas N and K with N ≥K, the traditional linear detectors like

zero forcing (ZF) and minimum mean-square error (MMSE)

require matrix multiplication (complexity order O(NK2)) and

matrix inversion (complexity order O(K3)), which become

unaffordable with the system dimension rapidly scaling up. To

this end, since massive MIMO in 5G, some low-complexity

detection algorithms have been given to alleviate the complex-

ity burden for signal detection in MIMO communications [8],

[9], [10].

Specifically, regarding complexity reduction for linear detec-

tion, the computational operation of matrix inversion with com-

plexity order O(K3) is firstly considered, such that many iter-

ative detection methods are presented to circumvent the matrix

inversion with quadratic complexity O(K2l), where l denotes

the number of iterations [11], [12], [13]. For example, Neumann

series (NS) is applied to approximate the matrix inversion by

series expansion, which can be further enhanced by Newton

iteration (NI) with a faster convergence performance [14], [15],

[16]. In [17], the truncated polynomial expansion (TPE) is

reasonably embedded into the operations of linear detections,

which leads to a low complexity order O(NKl). Different from

NS, NI and TPE, detection schemes based on the traditional

iteration methods like Jacobi and Richardson iterations yield the

detected signal via matrix splitting rather than series expansion

[18], [19], [20], [21]. Subsequently, iterative detections based

on Gauss-Seidel (GS) and successive overrelaxation (SOR) it-

erations are employed for further performance gains [22], [23],

[24]. Meanwhile, an iterative block decision-feedback equalizer

(IB-DFE) is also given for massive MIMO combined with

single-carrier with frequency-domain equalization (SC-FDE),

which allows for the incorporation of conventional iterative

methods [25]. Some other low-complexity detection schemes

based on message passing (MP), conjugate iteration and so on

can also be found in [26], [27], [28], [29], [30], [31], [32], [33].

In addition, note that these low-complexity iterative methods

can also be applied to precoding for MIMO downlink [34], [35].

Recently, random sampling has become an effective mathe-

matical tool for addressing different challenging problems in

MIMO systems [36], [37], [38], [39]. In [40], the random-

ized iterative detection algorithm (RIDA) is proposed, which

leverages the random sampling technique to iteration processes

for the extra degree of freedom. More specifically, RIDA
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not only converges in an exponential manner but also enjoys

convergence regardless of any specific conditions (known as

global convergence because the convergence always holds).

This makes the randomized iteration well suited to various

scenarios of interest. Based on RIDA, the multistep condi-

tional sampling is then applied, which leads to the modified

randomized iterative detection algorithm (MRIDA) with faster

convergence and lower complexity [40].

However, most of those low-complexity detection schemes

mentioned above only consider the matrix inversion, leaving

the complexity reduction of matrix multiplication as an open

problem. To be more specific, the computationally expensive

matrix multiplication with complexity order O(NK2) still does

exist in those works, but is deemed as a preprocessing oper-

ation by default. To overcome this obstacle, new randomized

iterative detection algorithm (NRIDA) is presented in [41],

which takes the complexity reduction of both matrix multiplica-

tion and inversion into account. Typically, by jointly consider-

ing the matrix multiplication and inversion, NRIDA iteratively

approaches the linear detection performance with complexity

cost O(NK1.5l) in total, which eliminates the preprocessing

stage of matrix multiplication. Nevertheless, with the explosive

growth of antenna numbers, the complexity burden of NRIDA

remains significant especially in XL-MIMO communications.

In this paper, we reduce the complexity cost of random-

ized iterations for linear detection from order O(NK1.5l) to

O(NKl), where both the complicated matrix multiplication

and inversion are bypassed in a more efficient fashion. Benefit-

ing from it, the complexity hurdle of signal detection in uplink

XL-MIMO can be significantly alleviated. In a nutshell, we

advance the researches on low-complexity linear detection for

both far-field and non-stationary scenarios of XL-MIMO by the

following ways.

• Firstly, the step size α is adopted in the randomized it-

erations for the convergence improvement. According to

theoretic analysis, we demonstrate that the randomized

iterations aided by step size not only exponentially con-

verges to the target solution of linear detection but also

enjoys a faster convergence rate. Meanwhile, the proper

choice of α is also investigated in detail for the efficient

implementation.

• Secondly, besides the step size, the classic Taylor expan-

sion is also exploited in the randomized iterations for the

remarkable complexity reduction with negligible perfor-

mance loss, which leads to the proposed low-complexity

randomized iterative detection (LCRID) algorithm. In par-

ticular, the computational complexities of each full it-

eration (indexed by l) in LCRID for far-field and non-

stationary scenarios of XL-MIMO are 2NKt+ 2NK,

t≤ 2 and (2NK +K)t+ 2NK +K, t≤ 2 respectively,

which reduce the complexity order of randomized itera-

tions from O(NK1.5l) to O(NKl).
• Thirdly, the technique of conditional sampling is employed

into the proposed LCRID algorithm, which is further up-

dated via the multistep conditional sampling. By taking the

previous multiple sampling results into account, the ran-

domized iteration of LCRID becomes deterministic, which

is demonstrated to be greatly beneficial to its convergence

and efficiency.

To sum up, in Table I we compare the new contributions to the

related literature, where l denotes the iteration index while N
and K, N ≥K, represent the antenna numbers at the receiver

and transmitter, respectively.

The rest of this manuscript is organized as follows. Section II

presents the background of linear detections for MIMO commu-

nications and describes the developments about efficient itera-

tive detections. In Section III, the proposed LCRID algorithm

is introduced with convergence improvement and complexity

reduction, where its exponential convergence to the target so-

lution is also demonstrated. In Section IV, by fully making use

of multistep conditional sampling, additional convergence and

efficiency gains can be attained by LCRID. In Section V, simu-

lation results with respect to the proposed LCRID algorithm for

the uplink signal detection in XL-MIMO systems are presented.

Finally, Section VI concludes the paper.

Notation: Matrices and column vectors are represented by

upper and lowercase boldface letters, and the conjugate trans-

pose, inverse, pseudoinverse of a matrix B are denoted by

BH ,B−1, and B†, respectively. We use bi to denote the i-
th column of the matrix B, bi,j indicates the entry in the i-th
row and j-th column of the matrix B. ‖ · ‖F is the Frobenius

norm and ‖ · ‖ is the Euclidean norm, i.e., ‖ · ‖2, I is the identity

matrix. λmin(·) and λmax(·) respectively represent the minimum

and maximum eigenvalues of a matrix while σmin(·) and σmax(·)
indicate the minimum and maximum singular values of a ma-

trix. Finally, throughout this paper, the computational complex-

ity is measured by the number of complex multiplications.

II. PRELIMINARY

In this section, conventional linear detection methods for

MIMO communications are described, followed by a brief

review about the efficient detection algorithms based on

iterations.

A. Uplink Linear Detection

Consider uplink signal detection for XL-MIMO communi-

cations with N antennas at the base station (BS), where user

equipments withK antennas are served simultaneously,N ≥K
[42], [43], [43], [44]. Let x ∈ XK denote the transmitted signal

with its i-th (1≤ i≤K) component being selected from the

QAM constellation X . Then, at BS the received signal y ∈ C
N

can be expressed as

y =Hx+ n, (1)

where H ∈ C
N×K denotes the channel matrix, n ∈ C

N indi-

cates the AWGN noise with each element following CN (0, σ2).
Clearly, to recover x, the uplink signal detection corresponds to

solving the integer least square (ILS) problem shown below

x̂ml = arg min
x∈XK

‖Hx− y‖2, (2)

which accounts for the solution of maximum likelihood (ML)

signal detection [36].
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TABLE I
COMPARISON OF DIFFERENT ITERATIVE DETECTION ALGORITHMS

Complexity of Preprocessing Complexity of Iterative Detection Global Convergence

NS [9] O(NK2) O(K2 · l) for l ≤ 2 ✕

NI [14] O(NK2) O(K2 · l) for l ≤ 2 ✕

Jacobi [19] O(NK2) O(K2 · l) ✕

Richardson [21] O(NK2) O(K2 · l) ✕

Gauss Seidel [23] O(NK2) O(K2 · l) √

SOR [22] O(NK2) O(K2 · l) ✕

RIDA [40] O(NK2) O(K2.5 · l) √

MRIDA [40] O(NK2) O(K2 · l) √

NRIDA [41] No need O(K1.5N · l) √

TPE [17] No need O(KN · l) ✕

LCRID (this work) No need O(KN · l)
✕

but achieves superior
convergence (better than
NRIDA by Corollary 1)

Generally, to address the problem in (2), linear detection

computes

x̃linear =Glineary, (3)

where the linear equalization matrix G ∈ C
K×N takes the form

of

Gzf = (HHH)−1HH (4)

or

Gmmse =
(
HHH+ σ2I

)−1
HH (5)

for ZF and MMSE detectors respectively. Then, the final deci-

sions x̂linear are made by quantizing x̃linear based on the modu-

lation constellation XK , namely,

x̂linear = ⌈x̃linear⌋Q ∈ XK . (6)

Theoretically, linear detection (3) is designed for solving the

least square (LS) problem shown below

x̃= arg min
x∈CK

‖Hx− y‖2, (7)

which is an approximation of ILS problem. Theoretically,

when N ≫K the optimal ML performance by solving the

ILS problem in (2) can be obtained by linear detections, thus

enabling linear detection widely accepted in large-scale MIMO

systems [45].

B. Iterative Detection

The linear detection in (3) can be equivalently formulated as

solving a linear equation

Ax= b (8)

with b=HHy ∈ C
K , A=HHH ∈ C

K×K . Here, A is the

matrix of ZF filtering where the matrix of MMSE filtering is

A=HHH+ σ2I accordingly.

To address the linear equation in (8) with low complexity,

Neumann series (NS) was firstly applied to approximate the

matrix inverse of A by [9], [16], [27]

A−1 =
∞∑

l=0

(I−ΘA)lΘ, (9)

where Θ represents a K ×K diagonal matrix and l is the

iteration index. Furthermore, the matrix iterations by NS can

be updated by Newton iteration (NI) with faster convergence

performance [14], [15].

Different from the matrix iterations based on NS or NI, the

matrix splittingA=M+N is used withN ∈ C
K×K andM ∈

C
K×K such that the iterative methods are performed regarding

to the detected signal x by [46]

xl+1 =Qxl + g (10)

with Q=−M−1N= I−M−1A ∈ C
K×K and g =M−1b ∈

C
K . Here,Q is the iteration matrix, and the convergence of (10)

is ensured when [13]

lim
l→∞

Ql = 0, (11)

implying that xl+1 will gradually converge to x̃linear.

Undoubtedly, how to choose M and N with respect to A=
M+N is critical to iterative detections. Typically, in Jacobi

method, M=D and N= L+U are applied, which result in

the iteration expression [31]

Dxl+1 =−(U+ L)xl + b. (12)

Here, D ∈ C
K×K , U ∈ C

K×K and L ∈ C
K×K are respec-

tively the diagonal components, upper triangular components

and lower triangular components of A (i.e., A=D+ L+U

and U= LH ). Regarding to Richardson method, matrices N=
A− 1

ω
I and M= 1

ω
I with relaxation factor ω > 0 are selected

[15]. To achieve better convergence, GS method with N= L

and M=D+U works as [23]

(D+U)xl+1 =−Lxl + b. (13)

After that, SOR iteration is further proposed to improve the

convergence, which adapts a relaxation factor 2> ω > 1 to GS

method by [11]

(D+ ωU)xl+1 = [(1− ω)D− ωL]xl + ωb. (14)
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C. Randomized Iterative Detection

Although efficient linear detection performance can be real-

ized via iterative methods, a few necessary requirements (e.g.,

N ≫K) have to be satisfied for ensuring the iteration con-

vergence of NS, NI, Jacobi, Richardson, SOR and so on. This

would greatly impede their applications in the cases of interest.

Motivated by this, by leveraging the sampling operation into

iterations, randomized iterative detection algorithm (RIDA) is

given in [40]. It not only entails a lower computational complex-

ity due to the exponential convergence, but also works freely

without any restrictions (i.e., global convergence), making it

more suitable to various scenarios in practice.

Specifically, RIDA follows the random iteration

xk+1 = xk +AHSk(S
H
k AAHSk)

−1SH
k (b−Axk) (15)

with x0 =D−1b and the iteration index k, where Sk ∈
{I:,Q1

, . . . , I:,Qr
} is generated randomly according to a de-

signed discrete distribution D, i.e.,

p(Sk = I:,Qi
) =

1

r
. (16)

Here, I:,Qi
, 1≤ i≤ r indicates a column subsection of identity

matrix IK×K , and Qi = {index 1, . . . , index qi} ⊆ {1, . . . ,K}
represents a set of indices with set size |Qi|= qi, i.e.,

I:,Qi
= [I:,index1, . . . , I:,indexqi ]. (17)

As a result, this leads to a block formation, e.g.,

{1, 3, 7}︸ ︷︷ ︸
Q1

∪ . . . ∪ {2, 5, 8}︸ ︷︷ ︸
Qr

= {1, . . . ,K} (18)

with Qi ∩ Qj = ∅, 1≤ i 6= j ≤ r. More specifically, the indices

in Qi can be set initially such that the upcoming sampling

with Sk is performed in a block-wise manner (i.e., I:,Qi
).

For the sake of simplicity, the equal block size |Q1|= . . .=
|Qr|=K/r = q (corresponds to q1 = . . .= qr = q) is normally

applied. Moreover, from (15), it can be verified that at each

iteration indexed by k only q rather than K components of x are

updated. Towards this end, K/q iterations of (15) are grouped

as a full iteration indexed by l to facilitate the fair comparison

with other iterative detection schemes indexed by l.
Subsequently, based on RIDA, modified randomized iterative

detection algorithm (MRIDA) is presented to improve the itera-

tion convergence and efficiency [40]. In particular, the iteration

of MRIDA works by

xk+1=xk+Sk(S
H
k ASk)

−1(SH
k b− SH

k Axk), (19)

where Sk =D− 1
2 I:,Qi

∈ C
K×q and Sk /∈ {Sk−1, . . . ,

Sk−r+1}. More precisely, given 1≤ q ≤
√
K, the complexity

order of MRIDA in a full iteration (i.e., indexed by l) is

O(K2), which is competitive in iterative detection algorithms.

However, in both iterative and randomized iterative detec-

tions, computing the linear filtering matrix A=HHH or A=
HHH+ σ2I as well as b=HHy ∈ C

K is normally viewed as

a preprocessing operation, which means the related complexity

costs are not counted in the algorithm design. Therefore, in

order to alleviate these complexities caused by matrix multipli-

cation, new randomized iterative detection algorithm (NRIDA)

obeying the following iteration [41]

xk+1 = xk + I:,Qi
(HH

:,Qi
H:,Qi

)−1HH
:,Qi

(y −Hxk) (20)

is proposed, where the index set Qi is sampled from the set

{Q1, . . . ,Qr} according to

pi , p(Qi) =
1

r
. (21)

Note that similar to RIDA, the indices in set Qi, 1≤ i≤
r in NRIDA are determined initially while a simple way is

to group these indices in a sequential order, i.e., H:,Qi
=

[h(i−1)q+1, . . . ,hiq], Qi = {(i− 1)q + 1, . . . , iq}. Intuitively,

given H and y, NRIDA works without the need of A and

b, which leads to further complexity reduction in total. As

illustrated in [41], the computational complexity of the itera-

tion in (20) is q3 + qN + 2q2N +KN , which corresponds to

K2 +NK + 3NK1.5 (when q =
√
K) in a full iteration with

complexity order O(NK1.5).

III. LOW-COMPLEXITY RANDOMIZED ITERATIVE

DETECTION ALGORITHM

In this section, based on NRIDA, low-complexity random-

ized iterative detection (LCRID) algorithm is proposed for XL-

MIMO systems to achieve better convergence performance with

less complexity cost.

A. Convergence Improvement via Step Size α

Step size plays an important role in iteration-based algo-

rithms to facilitate the convergence performance [46]. As for

NRIDA, by adopting the step size α > 0, the iteration in (20)

becomes

xk+1 = xk + αI:,Qi
(HH

:,Qi
H:,Qi

)−1HH
:,Qi

(y −Hxk). (22)

From it, we now show that with a proper choice of α the ex-

ponential convergence still can be achieved by the randomized

iterations in (22) in terms of the norm of the expected error,

where the original iteration in (20) is only a special case with

α= 1.

Here, to simplify the upcoming proof, allow us to make the

following definitions

Z, I:,Qi
(HH

:,Qi
H:,Qi

)−1IH:,Qi
(23)

and x∗ =H†y = xzf denoting the desired detection solution of

(7). According to Gram matrix HHH, the expectation of Z, i.e.,

E[Z], turns out to be positive definite due to1

E[Z] =

r∑

i=1

piI:,Qi
(HH

:,Qi
H:,Qi

)−1IH:,Qi

=
1

r

(
r∑

i=1

I:,Qi
(HH

:,Qi
H:,Qi

)−
1
2 (HH

:,Qi
H:,Qi

)−
1
2 IH:,Qi

)

1In MIMO detection, the full rank of H is generally a default configuration
to ensure the unique solution of x. To be specific, any two UEs do not have
linear dependent channel vectors, e.g., hi 6= κhj , κ is a constant.
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=
1

r
(IJ)(JIH)

=
1

r
J2 (24)

with invertible block diagonal matrix J ∈ C
K×K , i.e.,

J=diag((HH
:,Q1

H:,Q1
)−

1
2, . . . ,(HH

:,Qr
H:,Qr

)−
1
2). (25)

As a result, the matrix productE[Z]HHH is symmetric positive

definite as well.

Theorem 1: For uplink XL-MIMO detection, with 0< α <
2/λmax(E[Z]HHH), the randomized iteration in (22) con-

verges as

‖E[xk − x∗]‖2 ≤ ρkα‖x0 − x∗‖2, (26)

where its convergence rate follows

ρα =max
i

|1− αλi(E[Z]HHH)|< 1. (27)

Proof: First of all, the iteration in (22) can be reformul-

ated as

xk+1 = xk + αZHH(y −Hxk)

(a)
= xk + αZ(HHHH†y −HHHxk)

= xk + αZHHH(x∗ − xk), (28)

where the equality HHHH†y =HHy is applied in (a). Then,

by adding the term −x∗ on the both sides of (28), we can

arrive at

xk − x∗ = (I− αZHHH)(xk−1 − x∗). (29)

After that, considering the expectation on the both sides of

(29), we can have

E[xk − x∗] = (I− αE[Z]HHH)E[xk−1 − x∗]. (30)

Moreover, it follows

‖E[xk−x∗]‖2 = ‖(I− αE[Z]HHH)E[xk−1 − x∗]‖2

≤ ‖I− αE[Z]HHH‖2‖E[xk−1 − x∗]‖2

= σ2
max(I− αE[Z]HHH)‖E[xk−1 − x∗]‖2

=
(
max

i
|1− ασ2

i (E[Z]HHH)|
)

‖E[xk−1 − x∗]‖2

=
(
max

i
|1− αλi(E[Z]HHH)|

)

‖E[xk−1 − x∗]‖2. (31)

Clearly, letting ρα =maxi |1− αλi(E[Z]HHH)|, to ensure

the convergence, we must fulfill the following condition, i.e.,

ρα =max
i

|1− αλi(E[Z]HHH)|< 1. (32)

For notational simplicity, here we use λmax and λmin to repre-

sent the maximum and minimum eigenvalues of E[Z]HHH.

Meanwhile, considering the fact that λmin > 0 for the symmetric

positive definite matrix, from (32) we can readily attain the

following requirements:

1− αλmin < 1 and 1− αλmax >−1, (33)

which account for

0< α <
2

λmax

. (34)

Therefore, with 0< α < 2
λmax

, we can express (31) as

‖E[xk − x∗]‖2 ≤ ρα‖E[xk−1 − x∗]‖2

≤
...

≤ ρk−1
α ‖E[x1 − x∗]‖2

≤ ρkα‖x0 − x∗‖2 (35)

with ρα < 1, where x0 is determined at the very beginning as

an initial setup.

According to Theorem 1, with the proper choice of α, the

convergence of the iteration in (22) always holds due to ρα < 1.

Next, given the range 0< α < 2/λmax(E[Z]HHH), we discuss

the optimal choice of the step size α, i.e., αoptimal, to accelerate

the convergence performance, namely,

αoptimal = arg min
0<α< 2

λmax

{max
i

|1− αλi(E[Z]HHH)|}. (36)

More specifically, this corresponds to

min
0<α< 2

λmax

{max{|1− αλ min|, |1− αλmax|}}, (37)

where αoptimal is reached if the following the following coinci-

dence happens [13]

|1− αλmin|= |1− αλmax|. (38)

Intuitively, this leads to

αoptimal =
2

λmax + λmin

(39)

with the optimal convergence rate

ρoptimal =
λmax − λmin

λmax + λmin

. (40)

Consequently, with the choice of αoptimal in (39), we can

arrive at the following result, where the introduced convergence

gain brought by the step size α can be readily attained.

Corollary 1: With the step size αoptimal in (39), further con-

vergence improvement is achieved by the randomized iterations

in (22) due to a faster convergence rate

ρoptimal ≤ ρ, (41)

where ρ denotes the convergence rate of the original NRIDA

with α= 1.

Proof: Specifically, we have

ρoptimal =max
i

|1− αoptimalλi(E[Z]HHH)|
= min

0<α< 2
λmax

{max
i

|1− αλi(E[Z]HHH)|}

≤max
i

|1− λi(E[Z]HHH)|
= ρ, (42)

thus completing the proof.
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B. Complexity Reduction via Taylor Expansion

To start with, the randomized iterations in (22) can be ex-

pressed as

xk+1 = xk + αI:,Qi
rk (43)

with

rk , (HH
:,Qi

H:,Qi
)−1bk ∈ C

q (44)

and

bk =HH
:,Qi

(y −Hxk) ∈ C
q. (45)

Clearly, the computation of the randomized iterations in (43)

chiefly lies on calculating the term rk. To this end, we now

introduce the classic Taylor expansion to approximate it in a

low complexity way.

In theory, according to Taylor expansion2

A−1 = lim
t→∞

t∑

i=0

(I−A)i, (46)

when limt→∞(I−A)t = 0, the term rk in (44) can be obtained

by

rk =
∞∑

t=0

(I−HH
:,Qi

H:,Qi
)tbk. (47)

Here, to enhance the convergence performance of Taylor ex-

pansion, an auxiliary q × q diagonal matrix Dk is introduced

into (46), i.e.,

A−1 = lim
t→∞

t∑

i=0

(I−DkA)iDk, (48)

so as to

rk =

∞∑

t=0

(I−DkHH
:,Qi

H:,Qi
)tDkbk. (49)

In principle, to ensure the convergence of (49), the following

condition should be satisfied

lim
t→∞

(I−DkHH
:,Qi

H:,Qi
)t = 0, (50)

which essentially accounts for

max
i

|1− λi(D
kHH

:,Qi
H:,Qi

)|< 1. (51)

Therefore, the choice of the diagonal matrix Dk should be

carefully considered, which are studied in detail for both far-

field and non-stationary channels of XL-MIMO (see subsection

C and D).

Towards the term rk in (49), an iteration can be established

to approach it, i.e.,

rt =
(
I−DkHH

:,Qi
H:,Qi

)
rt−1 +Dkbk, (52)

so as to r∞ = rk. By doing this, the iteration in (43) naturally

becomes

xk+1 = xk + αI:,Qi
rt, (53)

2It can also be interpreted by Neumann series (NS) in (9).

where the matrix inversion of HH
:,Qi

H:,Qi
is iteratively ap-

proximated along with the index t. Clearly, the computational

complexity of DkHH
:,Qi

H:,Qi
rt−1 in (52) is 2Nq + q.

We then consider the complexity of obtaining the term bk in

(52). According to (22), in essence, there are only q elements

of x (denoted by xQj
) being updated at each iteration indexed

by k, namely,

xk − xk−1 = [0, . . . , 0,xH
Qj

, 0, . . . , 0]H . (54)

From it, the computation of b can be expressed by

bk =HH
:,Qi

(y −Hxk)

=HH
:,Qi

(y −H[x[−Qj ];xQj
])

=HH
:,Qi


y −

∑

a∈[−Qj ]

haxa −
∑

b∈Qj

hbxb


 , (55)

where x[−Qj ] represents the other unchanged K − q elements

in the update of xk. In other words, this means the computation

between H and x[−Qj ] (i.e.,
∑

a∈[−Qj ]
haxa) can be avoided as

it has already been calculated in the previous iterations indexed

by k. Consequently, the complexity of computing bk turns out

to be 2Nq, which corresponds to 2Nq + q for obtaining Dkbk.

As a result, by approximating r via the sub-iteration in (52),

the computational complexity of the iteration in (53) is (2Nq +
q)t+ 2Nq + q in total. Clearly, with a mild size of t, it is much

smaller than that (i.e., q3 + qN + 2q2N +KN ) of the original

NRIDA. For a fair comparison, the full iteration indexed by l
that includes K/q times of (53) is still applied, and this corre-

sponds to the complexity (2NK +K)t+ 2NK +K, which

reduces the complexity order of randomized iterations from

O(NK1.5l) to O(NKl).

C. Optimizations to Far-Field Channel Model in XL-MIMO

When all the user equipments locate far away from the BS,

the far-field channel model should be considered since the

assumption of planar wave still holds. In this condition, the

channel matrix H behaves as an extension of that in massive

MIMO by obeying the classic Rayleigh fading. Based on it, the

following optimizations with respect to both the choices of α
and Dk in the proposed LCRID algorithm are carried out.

On one hand, as for the choice of α, from (39), the bounds

of αoptimal can be estimated by

1

λmin

≥ αoptimal ≥
1

λmax

. (56)

Moreover, considering the following relationships

λmax(AB)≤ λmax(A)λmax(B) (57)

and

1

λmin(AB)
≤ 1

λmin(A)

1

λmin(B)
(58)

for any two symmetric positive definite matrices A and B, the

inequality in (56) can be expressed as

1

λmin(E[Z])

1

λmin(HHH)
≥αoptimal≥

1

λmax(E[Z])λmax(HHH)
.

(59)
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To further specify the bounds in (59), the classical random

matrix theory is applied here. Typically, the smallest and the

largest eigenvalues of the Gram matrix HHH regarding to the

Gaussian channel H ∈ C
N×K would converge as follows [47]

λmax(H
HH)→N

(
1 +

√
K

N

)2

(60)

and

λmin(H
HH)→N

(
1−

√
K

N

)2

, (61)

when N →∞ and K →∞. On the other hand, because of

E[Z] =
r∑

i=1

piI:,Qi
(HH

:,Qi
H:,Qi

)−1IH:,Qi
, (62)

it follows that

λmax(E[Z])≤ λmax(p1I:,Q1
(HH

:,Q1
H:,Q1

)−1IH:,Q1
) + · · ·

+ λmax(prI:,Qr
(HH

:,Qr
H:,Qr

)−1IH:,Qr
)

≤ max
1≤i≤r

{λmax((H
H
:,Qi

H:,Qi
)−1)}

= max
1≤i≤r

{1/λmin(H
H
:,Qi

H:,Qi
)} (63)

and

λmin(E[Z])≥ λmin(p1I:,Q1
(HH

:,Q1
H:,Q1

)−1IH:,Q1
) + · · ·

+ λmin(prI:,Qr
(HH

:,Qr
H:,Qr

)−1IH:,Qr
)

≥ min
1≤i≤r

{λmin((H
H
:,Qi

H:,Qi
)−1)}

= min
1≤i≤r

{1/λmax(H
H
:,Qi

H:,Qi
)}. (64)

Moreover, similar to (61) and (60), the following results hold

λmax(H
H
:,Qi

H:,Qi
)→N

(
1 +

√
q

N

)2

, (65)

λmin(H
H
:,Qi

H:,Qi
)→N

(
1−

√
q

N

)2

(66)

when N →∞ and q →∞. Therefore, by combining (63), (64),

(65) and (66), the following inequality holds

1

N
(
1+
√

q
N

)2≤λmin(E[Z])≤λmax(E[Z])≤
1

N
(
1−
√

q
N

)2 . (67)

Consequently, by substituting (61), (60) and (67) into (59), the

choice of αoptimal can be roughly bounded by

(
1 +

√
q/N

)2

(
1−

√
K/N

)2 ≥ αoptimal ≥

(
1−

√
q/N

)2

(
1 +

√
K/N

)2 , (68)

thus greatly simplifying the choice of α in practice.

On the other hand, regarding to the choice of Dk in (49) given

the facts in (65) and (66) for Gaussian channels H:,Qi
, let us

set

Dk =
1

N + q
I, (69)

such that

λmax(D
kHH

:,Qi
H:,Qi

)→ 1 +
2
√
Nq

N + q
, (70)

λmin(D
kHH

:,Qi
H:,Qi

)→ 1− 2
√
Nq

N + q
(71)

when N →∞, q →∞ and q < N . Accordingly, the iteration in

(52) becomes

rt =

(
I− 1

N + q
HH

:,Qi
H:,Qi

)
rt−1 +

1

N + q
bk. (72)

Note that other choices of Dk are also applicable for the conver-

gence improvement (e.g., the diagonal matrix of HH
:,Qi

H:,Qi
)

but extra complexity cost will be incurred.

Clearly, based on (70) and (71), it is straightforward to ver-

ify that the convergence requirement in (51) always holds if

N ≥ q. Interestingly, the size q in randomized iterations can be

freely adjusted. Generally, considering the choice 1≤ q ≤K in

randomized iterations, the condition of N ≫ q can be readily

fulfilled. Moreover, the value 2
√
Nq

N+q
could be very close to 0,

which implies that (50) tends to converge very rapidly. For this

reason, t≤ 2 is rather sufficient for the approximation of rk in

(49). In fact, the approximation with t= 1 is accurate enough,

which will be observed in simulations with different system

configurations in Section V. Note that with the choice of Dk

in (69), the complexity cost of approximating rk by iterations

of rt in (72) could be further simplified as 2Nqt+ 2Nq. Over-

all, the complexity cost of LCRID under far-field channels is

(2NKt+ 2NK)l.

D. Optimizations to Non-Stationary Channel Model in

XL-MIMO

Due to the huge number of antennas, the channel in XL-

MIMO may exhibit spatial correlation and non-stationarity,

such that the non-stationary channel model was developed [43],

[48]. Specifically, in non-stationary channel model, the channel

of each user is modeled as [34], [35]

hi =
√
NΘ

1
2

i zi, (73)

where hi follows CN (0,Θi), zi obeys CN (0, 1
N
I), and Θi

denotes the channel covariance matrix with

Θi = F
1
2

i RiF
1
2

i . (74)

Here, Ri ∈ C
N×N is the spatial correlation matrix and Fi ∈

[0, 1]N×N is an indicator diagonal matrix. To be more specific,

when the j-th element of Fi is 1, i.e., [Fi]j,j = 1, it means the

transmitted signal from user i is received by the antenna j, and

vice-versa, which is known as visibility region (VR).

Intuitively, compared to Rayleigh fading channel, the non-

stationary channel behaves more complicated. However, even

under non-stationary channels, as demonstrated in Theorem 1

that the iteration in (22) always converges, and the convergence

improvement introduced by α still can be obtained. On the other

hand, given the non-stationary channel H, we have to point out

that the related convergence analysis of Taylor expansion is not

easy to perform. Nevertheless, effective remedy still does exist
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to modify the convergence therein, which is described in the

following.

Typically, considering the Taylor expansion in (46) with A=
HH

:,Qi
H:,Qi

, its related convergence condition turns out to be

max
i

|1− λi(H
H
:,Qi

H:,Qi
)|< 1, (75)

which corresponds to Dk = I in (51). Theoretically, acco-

rding to (75), a better convergence of Taylor

expansion can be achieved by a smaller ratio

λmax(H
H
:,Qi

H:,Qi
)/λmin(H

H
:,Qi

H:,Qi
). Fortunately, this

can be achieved by lowering the dimension size q of the matrix

H:,Qi
∈ C

N×q .

Lemma 1: Given two matrices H:,Qi
∈ C

N×qi and H:,Qj
∈

C
N×qj , if H:,Qi

is a submatrix of H:,Qj
with qi < qj , then it

follows

λmax(H
H
:,Qi

H:,Qi
)

λmin(HH
:,Qi

H:,Qi
)
≤

λmax(H
H
:,Qj

H:,Qj
)

λmin(HH
:,Qj

H:,Qj
)
. (76)

Proof: To start with, as H:,Qi
is a N × qi submatrix of

H:,Qj
∈ C

N×qj , the following relationship about the singular

values holds

σqj(H:,Qj
)≤σqi(H:,Qi

)≤. . .≤σ1(H:,Qi
)≤σ1(H:,Qj

), (77)

where the equality achieves if H:,Qj
is an orthogonal matrix.

Then, based on it, we have

σmax(H:,Qi
)

σmin(H:,Qi
)
=

σ1(H:,Qi
)

σqi(H:,Qi
)
≤ σ1(H:,Qj

)

σqj (H:,Qj
)
=
σmax(H:,Qj

)

σmin(H:,Qj
)
,

(78)

which indicates that H:,Qi
has a better condition than H:,Qj

in

terms of condition number. From (78), we can arrive at

λmax(H
H
:,Qi

H:,Qi
)

λmin(HH
:,Qi

H:,Qi
)
≤

λmax(H
H
:,Qj

H:,Qj
)

λmin(HH
:,Qj

H:,Qj
)

(79)

according to λi(A
HA) = σ2

i (A) for matrixA, thus completing

the proof.

According to Lemma 1, a better conditioned matrix of

HH
:,Qi

H:,Qi
can be realized by simply decreasing q, which

recommends us a small q to ensure the convergence of Taylor

expansion under non-stationary channels. This also explains the

reason why the Taylor expansion about (HH
:,Qi

H:,Qi
)−1 enjoys

a faster convergence performance than that of (HHH)−1.

Besides, we claim that the introduced auxiliary diagonal

matrix Dk ∈ C
q×q in (48) is still helpful, and we now pro-

vide an alternative choice of it. In particular, decompose HH
:,Qi

H:,Qi
as

HH
:,Qi

H:,Qi
=Di +Ei, (80)

where Di ∈ C
q×q is a diagonal matrix including the diagonal

elements of HH
:,Qi

H:,Qi
, and Ei ∈ C

q×q is a hollow matrix

including the off-diagonal elements ofHH
:,Qi

H:,Qi
. Then, based

on (80), we set

Dk =D−1
i (81)

with respect to Qi, which leads to

rt =
(
I−D−1

i HH
:,Qi

H:,Qi

)
rt−1 +D−1

i bk (82)

Fig. 1. The comparison of values maxi |1− λi(D
−1

i H
H
:,Qi

H:,Qi
)| with

different sizes of q = 2, 4, 8, 16, 32, 64 for N × 64 XL-MIMO systems under
non-stationary channels.

with the convergence requirement

max
i

|1− λi(D
−1
i HH

:,Qi
H:,Qi

)|< 1. (83)

Here, for a better understanding, following the setup of non-

stationary channels in [34], [35], [43], [48], Fig. 1 is presented

to illustrate the value maxi |1− λi(D
−1
i HH

:,Qi
H:,Qi

)| in (83)

in N × 64 XL-MIMO systems by Monte Carlo simulations.

As for the visibility region, we assume only half number of

antennas at BS contribute each user’s connection. Clearly, with

fixed N , the value maxi |1− λi(D
−1
i HH

:,Qi
H:,Qi

)| decreases

gradually with the decrement of q, which leads to the enhanced

convergence performance. As demonstrated in Lemma 1, this

is because the channel condition of H:,Qi
∈ C

N×q is im-

proved by lowering q. Note that the case3 with q = 64 and

N = 256 fails to satisfy the convergence condition in (83)

but such an issue is overcome by smaller sizes of q. On the

other hand, one can also observe from Fig. 1 that all values

of maxi |1− λi(D
−1
i HH

:,Qi
H:,Qi

)| with different block sizes

q = 2, 4, 8, 16, 32, 64 drop gradually with the increment of the

received antenna number N at BS. Intuitively, this also can be

attributed by modifying the channel condition H:,Qi
∈ C

N×q

but with increasing N and fixed q.

Compared to the iteration in (52), extra computational cost

(i.e., Nq) is required to obtain the diagonal matrix Di for each

Qi, thus resulting in additional complexity NK in total for all

cases of Qi, 1≤ i≤ r. Note that these computations of Qi’s

can be performed only once as a preprocessing to serve for the

upcoming iterations. Overall, the complexity cost of LCRID un-

der non-stationary channels is [(2NK +K)t+ 2NK +K]l +
NK. Interestingly, we can see that the flexible choice of q
does not alter the complexity burden of LCRID (indexed by

the full iteration), which is in sharp contrast to the traditional

randomized iterative detections. Therefore, we recommend a

3The case of q = 64 can be viewed as an application of Neumann series
(NS) since the channel matrix H is directly considered, i.e., maxi |1−
λi(D

−1

i H
H
:,Qi

H:,Qi
)|=maxi |1− λi([diag(HH

H)]−1
H

H
H)|.
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TABLE II
COMPLEXITIES OF THE PROPOSED LCRID ALGORITHM FOR BOTH FAR-FIELD

AND NON-STATIONARY XL-MIMO SYSTEMS

Complexity of Each Full Iteration Complexity of Dk Total Complexity

Far-Field 2NKt+ 2NK, t≤ 2 1 (2NKt+ 2NK) · l + 1, t≤ 2

Non-Stationary (2NK +K)t+ 2NK +K, t≤ 2 NK [(2NK+K)t+2NK+K] · l+NK, t≤ 2

smaller q for LCRID in non-stationary channels than that in

far-field channels, which significantly boosts the convergence of

Taylor expansion to get a small t. To summarize, the complexity

costs of the proposed LCRID algorithm for both far-field and

non-stationary channels are illustrated in Table II.

Additionally, two aspects about the complexity of LCRID

should be pointed out. On one hand, due to the rapid conver-

gence of the introduced Taylor expansion, t= 1 is sufficient

to ensure the approximation accuracy of rk in (49), which

can be verified in both far-field and non-stationary XL-MIMO

systems by simulations results in Section V. For this reason,

t= 1 is recommended to LCRID in practice. On the other hand,

the complexity of sampling operations with respect to the set

Qi, 1≤ i≤ r is omitted here, and the reason of it is two-fold.

Firstly, since the uniform sampling distribution is employed,

the sampling cost of Qi is trivial. Secondly, by introducing

the multistep conditional sampling into LCRID, we show that

the sampling process of randomized iterations can be removed

but with improved convergence and efficiency, which is fully

described in the following.

IV. CONVERGENCE ENHANCEMENT AND EFFICIENCY

IMPROVEMENT

In this section, motivated by the technique of conditional

sampling, the sampling probability about the index set Qi at

each iteration of LCRID is investigated for further convergence

and efficiency improvements for XL-MIMO detection.

A. Enhancement by Conditional Sampling

Here, to better serve for the illustration of convergence analy-

sis, we claim that the following theoretical derivations regarding

to the proposed LCRID algorithm are carried out with respect

to the randomized iteration in (22) rather than the one in (53).

This is not difficult to understand since the latter serves as an

approximation of the former but with lower complexity.

Typically, different from the sampling probability pi in (21),

the probability pi of conditional sampling in LCRID is defined

as

pi , p(Qi|sampling result Qj at last iteration)

=
pi

1− pj
, i 6= j, (84)

such that the previous sampling result Qj (e.g., at the (k −
1)-th iteration) is removed from the sampling candidate list

of Qi at the current iteration (e.g., at the k-th iteration). In

this way, it is clear to see that the sampling repetitions over

two consecutive iterations are effectively avoided. Since the

sampling diversity is improved, extra convergence gain can be

successfully obtained thereafter.

Theoretically, let E[Z|Qj ] denote the expectation of the ma-

trix Z with conditional sampling probability pi in (84), the

exponential convergence of the random iterations in LCRID still

can be demonstrated, where the proof is omitted here due to the

similarity with Theorem 1.

Theorem 2: For uplink XL-MIMO detection, according to

the conditional sampling probability pi in (84), then with 0<
α < 2/λmax(E[Z|Qj ]H

HH) the randomized iteration in (22)

converges as

‖E[xk − x∗]‖2 ≤ ρα‖xk−1 − x∗‖2, (85)

where its convergence rate follows

ρα =max
i

|1− αλi(E[Z|Qj ]H
HH)|< 1. (86)

Subsequently, let λmax and λmin denote the maximum and

minimum eigenvalues of E[Z|Qj ]H
HH, the optimal choice of

α turns out to be

αoptimal =
2

λmax + λmin

. (87)

From it, the convergence gain brought by the usage of condi-

tional sampling can be confirmed in what follows.

Corollary 2: With sampling probability pi in (84), the ran-

domized iterations based on (22) achieves an improved conver-

gence than that with pi in (21) by a smaller upper bound of

convergence rate.

Proof: First of all, given the optimal choice αoptimal in (87),

the optimal convergence rate ρoptimal can be obtain as

ρoptimal =
λmax − λmin

λmax + λmin

= 1− 2

λmax/λmin + 1
∝ λmax

λmin

. (88)

Therefore, the comparison between convergence ρoptimal in (88)

and ρoptimal in (40) can be performed with respect to λmax/λmin

and λmax/λmin.

On the other hand, for any two symmetric positive definite

matrices A and B, the following inequalities hold [49]

λmax(AB)≤ λmax(A)λmax(B), (89)

λmin(AB)≥ λmin(A)λmin(B). (90)

Then, from these, we can arrive at

λmax

λmin

≤ λmax(E[Z|Qj ])λmax(H
HH)

λmin(E[Z|Qj ])λmin(HHH)
(91)

and

λmax

λmin
≤ λmax(E[Z])λmax(H

HH)

λmin(E[Z])λmin(HHH)
. (92)
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Next, as for E[Z|Qj ], it follows that

E[Z|Qj ] =
∑

i6=j

piI:,Qi
(HH

:,Qi
H:,Qi

)−1IH:,Qi
=

1

r−1
J
2

(93)

with invertible block diagonal matrix J ∈ C
K×K , i.e.,

J= diag(HH
:,Q1

H:,Q1
)−

1
2, . . . ,(HH

:,Qj−1
H:,Qj−1

)−
1
2,0q×q,

(1)

(HH
:,Qj+1

H:,Qj+1
)−

1
2, . . . ,(HH

:,Qr
H:,Qr

)−
1
2 ). (94)

Clearly, compared to the matrix J2 in (24), the matrix J
2

zeros

the corresponding part related to (HH
:,Qj

H:,Qj
)−1. From it, the

following relationships hold

λmax(J
2)≥ λmax(J

2
) and λmin(J

2)≤ λmin(J
2
), (95)

which further corresponds to

λmax(E[Z|Qj ])

λmin(E[Z|Qj ])
≤ λmax(E[Z])

λmin(E[Z])
. (96)

Finally, by simply substituting (96) into (91) and (92), it is

straightforward to see that λmax/λmin achieves a smaller upper

bound than λmax/λmin, so as to the comparison result between

the upper bounds of ρoptimal and ρoptimal.

In addition, according to (91) and (92), we can also observe

that a small condition number of matrixH is naturally beneficial

to the convergence of LCRID by enabling a smaller value of

ρoptimal or ρoptimal.

B. Extension to Multistep Conditional Sampling

In order to speed up the convergence by conditional sam-

pling, we commence to consider more previous results into the

sampling, which leads to the multistep conditional sampling in

LCRID as

pfi , p(Qi|sampling results of Q in last f iterations) (97)

where Qi differs from all the sampling results in the last f iter-

ations. Here, for the sake of notational simplicity, we describe

this relationship as follows

Qk =Qi /∈ {Qk−1, . . . ,Qk−f}, (98)

such that the probability pfi of multistep conditional sampling

can be rewritten as

pfi = p(Qk =Qi|Qk−1, . . . ,Qk−f ) (99)

with Qi /∈ {Qk−1, . . . ,Qk−f}. From it, we can see that 1≤
f ≤ r − 1 actually represents the number of the involved pre-

vious steps while pi in (84) turns out to be a case of pfi by

f = 1.

Here, let E[Z|Qk−1, . . . ,Qk−f ] represent the expectation

of the matrix Z with pfi in (99), we can get the following

convergence result, where the proof details are ignored because

of similarity.

Theorem 3: For uplink XL-MIMO detection, according to

multistep conditional sampling probability pfi in (99), then

Algorithm 1: LCRID Algorithm for XL-MIMO Systems.

Require: H,y, x0 = 0, α, q, L
Ensure: detection results x̂

1: for l = 1, . . . , L do

2: for k = 1, . . . ,K/q do

3: obtain Qi by pr−1
i in (99)

4: compute bk based on (55)

5: initialize r0 =
1

N+q
bk or r0 =D−1

k bk

6: for t= 1, 2 do

7: update rt according to (72) or (82)

8: end for

9: update x based on (53)

10: end for

11: end for

12: output x̂= ⌈xL⌋Q ∈ XK

with 0< α < 2/λmax(E[Z|Qk−1, . . . ,Qk−f ]HHH) the ran-

domized iteration in (22) converges as

‖E[xk − x∗]‖2 ≤ ρfα‖xk−1 − x∗‖2, (100)

where its convergence rate follows

ρfα=max
i

|1− αλi(E[Z|Qk−1, . . . ,Qk−f ]HHH)|< 1.

(101)

Note that the original probability pi in (21) works as a case

of pfi by f = 0, which extends multistep conditional sampling

as 0≤ f ≤ r − 1. Then, by simply extending Corollary 2, we

can get the following result, where the related proof is omitted

for similarity.

Corollary 3: With the increase of 0≤ f ≤ r − 1, the con-

vergence of the randomized iterations in (22) with pfi in (99)

improves because of the decreasing convergence rate upper

bound.

From Corollary 3, the best convergence performance is ob-

tained by the proposed LCRID algorithm when f = r − 1 is

applied. More interestingly, with f = r − 1, there is only one

choice for the current sampling Qk when k > r − 1, thus ren-

dering the sampling operation about Qk deterministic. Intu-

itively, this is significantly helpful to the proposed LCRID by

avoiding the random sampling without degrading the perfor-

mance, resulting in a better choice of LCRID. Hence, pfi with

f = r − 1 is greatly desired in LCRID for better convergence

and efficiency, which replaces pi in (21) with pfi in (99). For this

reason, the complexity of sampling operations has no need to

be taken into count in the proposed LCRID algorithm. To sum-

marize, the proposed LCRID algorithm for XL-MIMO systems

is shown in Algorithm 1.

V. SIMULATIONS RESULTS

In this section, the proposed LCRID algorithm for XL-

MIMO systems is examined in detail by simulations, where

both far-field (Figs. 2–8) and non-stationary (Figs. 9–13) sce-

narios of XL-MIMO are considered. For the sake of fair com-

parison, all the randomized iterations (except RIDA) are imple-

mented under sampling probability pfi with f = r − 1, q = 32
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Fig. 2. BER performance comparison for 256× 64 far-field XL-MIMO
using 16-QAM.

Fig. 3. BER performance comparison for 256× 64 far-field XL-MIMO
using 16-QAM.

(far-field) and q = 16 (non-stationary), where l = L denotes the

number of full iterations. Meanwhile, according to (68) and

(87), the step size α in LCRID is set to 1.1 as a suboptimal

but much efficient solution. Additionally, note that in non-

stationary channels only half number of antennas at BS are

assumed to contribute each user’s connection due to visibility

region.

In Fig. 2, the bit error rate (BER) detection performance of

LCRID algorithm is illustrated in 256× 64 far-field XL-MIMO

with 16-QAM. Here, NRIDA-α denotes the step size added-

randomized iterations given in Section III-A, which essentially

corresponds to LCRID but without the complexity reduction

via Taylor series. As can be seen from Fig. 2, the detection

performance of all the randomized iterations improves gradu-

ally with the increase of full iterations, which is in accordance

with the convergence results given in Theorems 1 and 3. To be

precise, due to the introduced step size α, the BER detection

performance of NRIDA-α outperforms the original NRIDA.

Fig. 4. BER performance comparison for 512× 128 far-field XL-MIMO
using 16-QAM.

Fig. 5. BER performance comparison for 512× 256 far-field XL-MIMO
using 16-QAM.

Another interesting point is that LCRID is able to achieve better

detection performance than NRIDA-α. This is because in both

NRIDA and NRIDA-α the block size q is set as 8 to balance

the performance and complexity, while in LCRID a large size q
can be set freely (here use q = 32) to enhance the convergence

without altering the complexity cost. Therefore, in this case,

extra performance gain can be introduced by the larger q in

LCRID.

As a counterpart of Figs. 2 and 3 is given to illustrate the per-

formance comparison between LCRID and other low complex-

ity iterative detection schemes in 256× 64 far-field XL-MIMO

using 16-QAM. Different from MMSE detection, the conven-

tional iterative detections like NS in [9], Richardson method in

[21], Jacobi method in [19], successive over-relaxation (SOR)

method in [22], Gauss Seidel method in [23], TPE method in

[17], are employed. Besides, for a better comparison, random-

ized iterative detection algorithms such as RIDA and MRIDA

in [40], and NRIDA in [41] are also considered. Clearly, under
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Fig. 6. BER performance comparison for 1024× 256 far-field XL-MIMO
using 16-QAM.

Fig. 7. BER performance comparison for 256× 64 far-field XL-MIMO
with the imperfect CSI using 16-QAM.

the same number of iterations with L= 3, the proposed LCRID

algorithm even with t= 1 achieves the best detection BER per-

formance among them. Here, besides L= 3, the performance

curve of TPE detector in [17] withL= 7 is also given for a com-

parison. As the complicated matrix operation is also avoided in

TPE, more iterations can be recalled to improve its performance

accordingly with complexity cost (2L− 1)NK + LK.

Fig. 4 presents the BER performance comparison about the

proposed LCRID algorithm in a 512× 128 far-field XL-MIMO

system with 16-QAM. As expected, the performance superi-

ority of LCRID compared to other detection schemes can be

easily confirmed. Note that detection schemes like NI fail to

work in this case. Furthermore, we update the antenna ratio as

N/K = 2 in Fig. 5. As can be seen clearly, all the BER detec-

tion performance of those iterative detection schemes degrade

accordingly. This is straightforward to interpret because the

condition number of the channel matrix becomes larger with the

change of the antenna ratio. In other words, given the constant

Fig. 8. BER performance comparison for 256× 64 far-field XL-MIMO
using 16-QAM with common pilot based channel estimation.

Fig. 9. BER performance comparison for 256× 64 non-stationary XL-
MIMO using 16-QAM.

N , the columns of H are getting more correlated to each other

with the increment of K. In this condition, detection schemes

like NS, NI, Jacobi all fail to converge unfortunately while

randomized iterations like MRIDA, NRIDA and LCRID still

work but with slower convergence performance. Nevertheless,

we can see that the low complexity linear detection performance

still can be realized via LCRID by improving the number of

iterations.

Here, based on Figs. 3–5, a complexity comparison between

the proposed LCRID algorithm and TPE detector in [17] is

presented. We claim that other iterative schemes are excluded

as they have high complexity order than both of LCRID and

TPE (i.e., O(NK · l)). Specifically, for a fair comparison, the

performance curves of TPE detector with L= 7, L= 7 and

L= 17 have also plotted in Figs. 3–5 respectively to obtain the

comparable performance as LCRID. Clearly, in all cases, given

the similar BER performance, the proposed LCRID algorithm

requires less complexity costs than TPE detector, which paves
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Fig. 10. BER Performance comparison for 256× 64 non-stationary XL-
MIMO using 16-QAM.

Fig. 11. BER performance comparison for 512× 64 non-stationary XL-
MIMO using 16-QAM.

TABLE III
COMPLEXITY COMPARISON OF LCRID AND TPE IN [17]

256× 64 512× 128 512× 256

LCRID, t= 1
L= 3:
196608

L= 3:
786432

L= 7:
3670016

TPE [17]
L= 7:
213440

L= 7:
852864

L= 17:
4329728

the way for the development of randomized iterations in XL-

MIMO systems as shown in Table III.

In Fig. 6, the comparison of BER detection performance

about the proposed LCRID algorithm in a 1024× 256 far-field

XL-MIMO system with 16-QAM is presented. Undoubtedly,

LCRID greatly outperforms other iterative detection schemes

with the best detection performance and the lowest computa-

tional complexity. Because of such an incomparable detection

trade-off between performance and complexity, LCRID turns

Fig. 12. BER performance comparison for 1024× 256 non-stationary XL-
MIMO using 16-QAM.

Fig. 13. BER performance comparison for 256× 64 far-field and non-
stationary XL-MIMO systems using 16-QAM.

out to be a perspective choice to the uplink signal detection of

XL-MIMO systems. Note that in all these cases of XL-MIMO,

the convergence of LCRID always can be guaranteed with the

proper choice of step size α. More specifically, this is in line

with the derived results given in Theorems 1 and 3, which also

makes LCRID well suited to different scenarios of XL-MIMO

systems.

Fig. 7 is presented to illustrate the BER performance of the

proposed LCRID without the perfect channel state informa-

tion (CSI) in 256× 64 far-field XL-MIMO systems using 16-

QAM. In particular, Ĥ=H+∆H denotes imperfect CSI at

the receiver, where ∆H∼ CN (0, σ2
eIN ) represents the channel

estimation errors with σ2
e =

K
np·Ep

[50]. Here, np and Ep re-

spectively stand for the number and power of pilot symbols, and

we apply σ2
e = 0.1 in the simulation. Compared to the detection

performance under perfect CSI in Fig. 3, the BER performance

of detection schemes with imperfect CSI decline accordingly

in Fig. 7. Nevertheless, the performance gain of LCRID still
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can be verified. Furthermore, in Fig. 8, the BER performance

comparison based on the common pilot channel estimation is

shown with respect to 256× 64 far-field XL-MIMO systems

using 16-QAM. In particular, we consider a pilot matrix X

composed of K columns of the τ × τ discrete Fourier transform

(DFT) operator and we set τ = 64. Based on it, the model of

channel estimation is formulated as Yp =HX+Wp where

Wp and Yp denote the noise matrix and the receive signal

matrix during the training period respectively. Then, the classic

least-squares (LS) channel estimate Ĥ=YpX
H(XXH)−1 is

applied as the imperfect channel state information (CSI) with

the estimation errors∆H= Ĥ−H=WpX
H(XXH)−1 [51],

[52], [53]. Similar to the imperfect CSI case in Fig. 7, the BER

performance of all detection schemes in Fig. 8 are degraded

compared to the perfect case in Fig. 3. This is easy to understand

as the errors ∆H in channel estimation are taken into account.

In Fig. 9, the bit error rate (BER) detection performance of

the proposed LCRID algorithm is presented in 256× 64 non-

stationary XL-MIMO with 16-QAM. As can be seen clearly,

the detection performance of all the randomized iterations im-

prove gradually with the increase of full iterations, which is

in accordance with the convergence results given in Theo-

rems 1 and 3. To be precise, due to the introduced step size

α, the BER detection performance of NRIDA-α outperforms

the original NRIDA. Nevertheless, as pointed out previously,

the approximation driven by Taylor series converges rapidly,

such performance of NRIDA-α can be well approximated by

LCRID. Moreover, LCRID could also achieve a better detection

performance than NRIDA-α by simply increasing the block size

q, so that more convergence gain can be introduced.

As a counterpart of Figs. 9 and 10 is given to show the

performance comparison between LCRID and other low com-

plexity iterative detection schemes in 256× 64 non-stationary

XL-MIMO using 16-QAM. Compared to the far-field scenario

shown in Fig. 3, the detection performance of all schemes

degrade accordingly in non-stationary XL-MIMO. This is in-

tuitive to understand as the channel model in non-stationary

becomes more complicated with inferior channel condition.

Note that similar to the case in Fig. 3, detection schemes like

NS, NI, Jacobi, Richardson still fail to work. Clearly, under the

same number of iterations with L= 3, the proposed LCRID

algorithm even with t= 1 achieves competitive detection BER

performance, where MMSE performance can be obtained by

LCRID with L= 4. For case L= 4, the performance gap of

LCRID between t= 1 and t= 2 is negligible, implying LCRID

with t= 1 (corresponds to complexity (4NK + 2K)L+NK)

a better choice in practice. Additionally, here the BER perfor-

mance of TPE detector in [17] is also added. In particular, to

obtain the same performance, LCRID t= 1 with L= 4 (i.e.,

17NK + 8K) requires less complexity cost than TPE detector

with L= 10 (i.e., 19NK + 10K).

In Fig. 11, the comparison of BER performance about

LCRID is extended to 512× 64 non-stationary XL-MIMO sys-

tems with 16-QAM. Clearly, compared to the case 256× 64,

the antenna ratio N/K in case of 512× 64 increases. This

generally enables a better channel condition, which relaxes

the convergence requirements upon some iterative detection

schemes. To this end, we can see that schemes like NS, NI

and Jacobi work normally. On the other hand, due to the ex-

tra receive diversity gain brought by the higher antenna ratio

N/K, a smaller condition number of H can be realized. As

studied before, this is helpful to the convergence performance of

randomized iterations, such that the performance gap between

them and MMSE becomes smaller than that in case of 256× 64
under the same iteration number. Note that MMSE detection

performance can be achieved by the proposed LCRID algorithm

with t= 1 and L= 3.

In Fig. 12, the comparison of BER detection performance

about LCRID in a 1024× 256 non-stationary XL-MIMO sys-

tem with 16-QAM is given. Undoubtedly, LCRID outperforms

other iterative detection schemes with the best detection per-

formance and the lowest computational complexity. Because of

such a competitive detection trade-off between performance and

complexity, LCRID turns out to be a prospective choice to the

uplink signal detection of XL-MIMO systems. Besides, given

the choice of Dk in (81), by setting the size q = 16 to facilitate

the convergence of Taylor expansion, we can see that there is

negligible performance gap between cases of t= 1 and t= 2 of

LCRID, making LCRID with t= 1 more preferred in practice.

Finally, in Fig. 13, the choice of the block size q in LCRID

is studied in full details under both far-field and non-stationary

256× 64 XL-MIMO systems with 16-QAM. In particular, in

MRIDA [40] or NRIDA [41], it has been shown that a larger

size q would improve the detection performance but with the

increased complexity burden of each full iteration accordingly.

However, as shown in Table II, different from them, the varia-

tion of q in LCRID does not alter the complexity cost in a full

iteration. Interestingly, this means that the choice of q can be

set with much more degrees of freedom. More specifically, from

Fig. 13, the detection performance can be improved by adjusting

the size of q. Nevertheless, due to the approximation introduced

by Taylor series, a larger size q does not always correspond to

more performance gain, which means that the choice of q should

also be carefully selected. Typically, as illustrated in Fig. 1, the

related Taylor expansion with q = 64 fails to converge, but such

an issue can be resolved by lowering the block size q. This is in

line with the fact that we observe in Fig. 13. Moreover, when

the convergence of Taylor is ensured, a large size q is welcome

to enable the convergence of randomized iterations. Hence,

there is a latent convergence trade-off between the randomized

iterations of xk and the Taylor expansion of rt.

VI. CONCLUSION AND FUTURE WORK

This paper proposes new complexity reduction approaches

for randomized iterations to enable low-complexity linear de-

tection in uplink XL-MIMO systems. First, we incorporate the

step size into randomized iterations to accelerate the conver-

gence rate. Then, through Taylor series expansion, considerable

computational complexity reduction in randomized iterations

is achieved with negligible performance loss. Building on the

above, the proposed LCRID algorithm is introduced. In addi-

tion, we apply conditional sampling techniques to LCRID for

further accelerating convergence speed and improving iteration
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efficiency. Finally, simulation results are given to validate the

superior gains of LCRID algorithm in terms of both perfor-

mance and complexity as compared to benchmark schemes,

demonstrating its competitiveness for signal detection in both

far-field and non-stationary XL-MIMO communications.

Based on the proposed LCRID algorithm, the future research

directions may be carried out in the following directions. First of

all, given LCRID, further complexity reduction about random-

ized iterations is worthy of being investigated, especially for

near-field XL-MIMO systems with highly correlated channels.

Secondly, the joint signal processing between channel estima-

tion and signal detection can be considered, where LCRID can

be well designed to facilitate the interaction among different

system modules. Thirdly, benefiting from the merits of LCRID,

how to adopt it with deep learning in a reasonable way is also

an interesting topic.
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