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Abstract—In this paper, we propose a quantized penalty
gradient (QPG) detection algorithm for massive multiple-input
multiple-output (MIMO) systems with low-resolution analog-to-
digital converters (ADCs). To tackle the challenges of maxi-
mum likelihood (ML) detection under discrete constraints, we
reformulate the detection problem into an unconstrained opti-
mization by introducing two customized penalty functions that
promote alignment between the estimated signals and target
constellation set. Based on this, the QPG algorithm is developed
to efficiently solve the resulting problem, achieving competitive
detection performance with only second-order computational
complexity. We further provide a theoretical analysis establishing
the Lipschitz continuity of the objective function, which guaran-
tees the monotonic descent property of QPG and ensures its
convergence. Moreover, we prove that QPG efficiently finds the
local minima with an accessible linear convergence rate, thus
leading to an explicit trade-off between detection performance
and computational complexity. Finally, simulation results confirm
the significant performance gains of QPG over the conventional
quantized detectors across various channel conditions, while
maintaining low computational complexity.

Index Terms—Massive MIMO, quantized MIMO detection,
low-resolution ADCs, penalty function.

I. INTRODUCTION

ASSIVE multiple-input multiple-output (MIMO) systems

have emerged as a cornerstone technology for beyond
fifth-generation (B5SG) wireless communications, offering sig-
nificantly enhanced capacity, ultra-fast data rates, and su-
perior energy efficiency [1]-[4]. Nevertheless, the substan-
tial increase of antenna number at the base station (BS)
introduces considerable challenges, particularly in terms of
power consumption and hardware costs [5]-[7]. Specifically,
as one of the most power consuming components, the power
consumption of the analog-to-digital converter (ADC) units
scales exponentially with the resolution and linearly with the
sampling rate [8]. To mitigate these expenses, low-resolution
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ADCs, e.g., 1-3 bits, have emerged as an efficient solution [9]-
[33]. However, despite their energy efficiency, low-resolution
ADCs introduce severe nonlinear distortions due to the quan-
tization, transforming the wireless channel into a non-linear
and non-Gaussian system [9]. Thus, data detection in such
systems becomes far more challenging than conventional full-
resolution ADC architectures.

Linear detection algorithms for quantized massive MIMO
systems have been extensively studied [10]-[14]. A straight-
forward approach is to ignore the quantization effects and di-
rectly apply conventional linear receivers designed for infinite-
resolution systems [10], [11]. However, such quantization-
unaware methods suffer from significant performance degra-
dation when deployed in quantized systems. To mitigate this
issue, a more refined strategy uses the Bussgang-based linear
approximation, which accounts for quantization by modeling
the distortion as additive white Gaussian noise (AWGN),
uncorrelated with the quantizer’s output [12]. This leads to
improved performance and reduced error floors compared to
conventional methods. Based on this model, the Bussgang-
based minimum mean-squared error (BMMSE) [13] and suc-
cessive interference cancellation (BSIC) algorithms [14] have
been extensively studied. Nevertheless, the assumption of
uncorrelated Gaussian quantization noise limits the accuracy
of Bussgang model, especially at high signal-to-noise ratio
(SNR) [6]. Consequently, Bussgang-based detectors exhibit
high detection error floors under such conditions.

Instead of linearizing the input-output relation, state-of-
the-art receivers adopt nonlinear optimizations of the likeli-
hood function to improve the detection performance [15]—
[27]. Specifically, the maximum likelihood (ML) detectors
for quantized systems have been formulated using Gaussian
cumulative distribution function (CDF) [15], [16]. Given the
complexity of the original ML detection in massive systems,
a near-ML (nML) algorithm has been proposed in [16] as
an efficient alternative. Similarly, sphere decoding (SD) tech-
niques were introduced in [17], [18], while [19] applies the
weighted Hamming distance (WHD) for final decision. The
detectors in [20]-[22] adopts a two-stage approach to improve
performance, where the second stage refines estimates via an
exhaustive neighborhood searching. However, the complexity
of these methods grows exponentially with the number of
transmit antennas, rendering them impractical for massive
MIMO systems. To address hardware impairments, iterative
detection methods have been developed, including Newton
method (NM) [23], alternating direction method of multipliers
(ADMM) [24] and forward-backward splitting (FBS) [25].
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Other nonlinear detection methods based on probabilistic
inference, such as generalized approximate message passing
(GAMP) and Bayesian inference, have also been explored in
[26], [27].

Recently, gradient-based methods have emerged as effective
low-complexity solutions for quantized massive MIMO detec-
tion [16], [28]-[31]. However, directly processing the Gaussian
CDF in the likelihood function suffers from numerical insta-
bility, especially at high SNRs [28]. To this end, the Gaussian
CDF is replaced with a sigmoid function in [29], which relaxes
the discrete constellation constraint into an unconstrained
optimization problem. Based on this approximation, the gra-
dient descent (GD) detection method in [29] achieves low
complexity. Subsequently, the detection performance is further
improved in [30] by incorporating a neighborhood search after
GD iterations. Moreover, the approximate likelihood model is
generalized and its properties and convergence behavior are
analyzed in [31]. Despite these advances, the performance
of the GD-based methods still remains limited due to their
disregard for the discrete constellation constraint.

To bridge the performance gap with ML detection while
maintaining low complexity, we propose a quantized penalty
gradient (QPG) algorithm for massive MIMO systems
equipped with low-resolution ADCs. The main contributions
of this work are summarized as follows:

e Firstly, we introduce two customized penalty terms into
the ML function and reformulate the discrete con-
straints into an unconstrained optimization problem.
These penalty functions are carefully crafted to align the
estimates and the discrete constellation set, thus bringing
extra nonlinear gains into the detection performance.

e Secondly, with respect to the established objective func-
tion, we develop the QPG algorithm as a low-complexity
but high-accuracy detector for quantized massive MIMO
systems. It achieves competitive detection performance
with only second-order computational complexity. Fur-
thermore, we establish the monotonic descent and a
linear convergence rate of the proposed QPG algorithm,
which precisely quantifies the trade-off between detection
performance and computational complexity.

e Finally, we perform detailed simulations over various
channel conditions, comparing the proposed QPG method
with existing quantized MIMO detectors in the literature.
In addition, a comprehensive complexity analysis is pre-
sented to demonstrate the low computational cost of QPG.

The remainder of this paper is organized as follows: Section
IT provides a brief overview of ML detection problem in
uplink quantized massive MIMO systems. In Section III, the
proposed QPG algorithm is introduced, and its computational
complexity is analyzed. Section IV establishes the Lipschitz
continuity of the ML function. Subsequently, the monotonic
decent property and linear convergence rate of the QPG
algorithm are derived to guarantee its performance gains.
Section V presents the simulation results for the proposed QPG
detection in uplink quantized massive MIMO systems. Finally,
Section VI concludes the paper.

Notation: Throughout this paper, matrices are denoted by
uppercase boldface letters while column vectors are repre-
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Fig. 1. Illustration of the quantized massive MIMO system with [V; single-
antenna users and a BS equipped with /V;- antennas, N, radio-frequency (RF)
chains, and 2NN, low-resolution ADCs.

sented by lowercase boldface letters. The transpose and inverse
of a matrix B are denoted by B” and B!, respectively. The
(i, j)-th entry of B is represented as b; j and E {-} refers to the
expectation. The Hadamard product, expressed as ®, performs
element-wise multiplication between two vectors. The operator
diag {B} extracts the diagonal entries of the square matrix
B, while sign(-) denotes the element-wise sign function. The
norm || - || denotes the ¢5-norm for both vectors and matrices.
Superscripts indicating iterations are written in parentheses.
Finally, #{-} and ${-} denote the real and the imaginary
components, respectively.

II. PRELIMINARY

This section begins with an introduction to the uplink
massive MIMO system model with low-resolution ADCs.
Subsequently, a detailed explanation of the quantized signal
detection framework is provided.

A. System Model with Low-Resolution ADCs

We consider an uplink massive MIMO system, as shown
in Fig. 1, where NV, single antenna users communicate with a
BS equipped with N, receive antennas (IV,, > N;). Let X €
ONt denote the transmitted vector from the discrete complex
M -quadrature amplitude modulation (QAM) constellation set
ONt. H € CN-*Ne represents the channel matrix, which is
assumed to be flat fading. Let ¥ € C™~ be the unquantized
received signal at BS, which is given by

F=Hx+n, (D

where i € C™* denotes the addictive white Gaussian noise
(AWGN) with zero mean and covariance matrix 021y, . Each
received analog signal is then quantized by a pair of low-
resolution ADCs, yielding the quantized received signal as

¥ = Q(t) = Q(R{T}) + 7 (3{r}), 2)

where Qy(-) denotes the b-bit quantization function.

To facilitate algorithm design using real-valued inputs, we
transform the complex-valued model in (1) into an equivalent
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real-valued system of dimensions 2N, x 2N, as follows

n= 3 e | <= 3]
ot R 4 - A

3{r s{y Sin
For simplicity of notation, we define N = 2N, and

K = 2N; from this point onward. In this way, com-
plex constellation Ot is mapped to a real-valued /M-
amplitude-shift keying (ASK) constellation set X', where
X = {#1,43,..., (VM — 1)}. Accordingly, x € XX,
r,nc RN, and H € RV*X  while the noise vector satisfies
n ~ N(0,021y) with variance 02 = 02 /2. Thus, the received
signal at the BS can be expressed as

r = Hx + n, (€]
y = Qp(r). &)

Specifically, r; is mapped to a quantized label y; = q; if r; €
(ci—1,¢), where C = {cg,...,co} defines the quantization
thresholds and A = {a1, as, . .., as } denotes the quantization
alphabet. These values are determined based on a non-uniform
quantization scheme optimized for a standard Gaussian input
[34]. To account for varying signal energy, both thresholds and
quantization levels are scaled by the standard deviation of the
received signal, given by

Pt—|-0'7%
o =\l—5—,
2

where P, = K - E{|z;|?} denotes the transmitter power [32].
Throughout this work, the detection problem is formulated
with respect to a fixed channel realization H and the corre-
sponding quantized observation y obtained from a particular
transmission instance. The objective of the detection algorithm
is to recover the transmitted v/M-ASK symbol vector x for
this specific realization.

(6)

B. Signal Detection-Maximum Likelihood Framework
The maximum likelihood (ML) detection problem for low-
resolution massive MIMO systems is formulated in [15] as

N
o = argimin 3~ log [@ (o) @ (a)].

K
X€EXHE o

(7

where ®(-) denotes the cumulative distribution function (CDF)
of the standard normal distribution A/(0,1), and p = 1/02 is
the inverse of noise variance. The vector h! refers to the i-
th row of channel matrix H. ¥ = /2p(¢;" — h]x) and
a™ = /2p (¢ — h!x), with ¢;* and ¢ denoting the
upper and lower quantization thresholds to y;, respectively. In
the special case of 1-bit quantization, the general ML problem
in (7) simplifies to

(\/% vihiTx) o ®

where v; = sign(y;) captures the polarity of the quantized
output, i.e., v; = +1 if y; > 0 and v; = —1 otherwise [16].

N
XML, 1-bit = arg min E —log ®
xexK T

To ease the evaluation of Gaussian CDF ®(v), we approx-
imate it using Sigmoid function as
1
where ¢ = 1.702 is a constant, and the approximation error is
uniformly bounded by |®(v) — o(cv)| < 0.0095. This leads
to the following SNR-explicit signal detection problem [29]

O(v)=o(ev) = 9)

. Z]il —logo (cy2pvihlx), ifb=1,

h — K3 !
)EX ) {Zf\il —log [0 (cai®) — o (cal™)], if b>2.
(10)

Although h(x) closely tracks the original ML problem, its
gradient scales with p, complicating step-size selection and
increasing computational cost. To simplify optimization, [31]
removes the positive factor cy/2p and adopts the following
SNR-normalized surrogate

, >, —logo (vh!x), ifh=1,
xrgpl(rk f(X) = {Zil\il_log [0 (blilp) _O.(bliow)] ,ifb> 2,
(11

with b}° = ¢/* — hTx and ¥ = ¢¥ — h!x. While f(x)
incurs a slight performance loss relative to h(x), it becomes
nearly equivalent at high SNR [31]. More importantly, its
gradient is independent of p, enabling more efficient step-size
selection. Therefore, we adopt the SNR-normalized form f(x)
for subsequent development and analysis.

To handle the discrete feasible set in quantized massive
MIMO detection, prior works in [29]-[31] try to relax discrete
constraint X* and apply gradient-based methods to solve the
resulting continuous optimization problem. However, such a
relaxation ignores the inherent discrete nature of the constel-
lation set, resulting in significant performance degradation in
low-resolution systems.

III. THE PROPOSED QUANTIZED DETECTION SCHEME

In this section, we first reformulate the signal detection
problem using customized penalty functions to handle discrete
constraints. Based on this, an efficient QPG algorithm is
proposed to solve the relaxed problem. We further accelerate
the optimization by designing a low-cost proximal step and
analyze the overall computational complexity.

A. Customized Penalty Functions

Since the transmitted symbols belong to the ASK constel-
lation set X%, each element z; € X for i = 1,2,..., K,
satisfies the following constrains

cos(mz;) +1=0,
—VM-’-].SIL‘ZS \/]\4—].7

where the latter condition is commonly known as the box
constraint [35]. Therefore, the signal detection problem in (11)
can be rewritten as

12)
(13)

min  f(x) (14a)
xERK

s.t. cos(mx;) +1=0, Vi, (14b)

~VM+1<z; <VM-1. Vi.  (l4c)
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However, constraint (14b) is inherently non-convex, as each
x; is restricted to a discrete and infinite set of odd integers.
Consequently, solving this problem requires an exhaustive
search over all possible symbol combinations in X¥, leading
to an exponential growth in computational complexity as
the signal dimension increases. To mitigate this issue, we
introduce a term proportional to the violation of constellation
constraints and relax the problem in (14) as the following
unconstrained form

min F(x) = f(x) + 9(x) (s)
with the Cosine penalty function
K
g(x) = aZcos(ﬂwi), (16)
i=1

where o > 0 controls the influence of penalty term. To further
enforce proximity to the discrete constellation points, we
design a more complex Gaussian penalty function as follows

K
9(x) = —a Z Z e~n(@i=3)*

i=1 jEX

a7)

where 7 > 0 determines the shape of Gaussian penalty
function.

Fig. 2 illustrates the behavior of two different penalty
functions under 16-QAM, with various values of 1, & = 1, and
X = {+£1, £3}. Both penalty functions reach their local min-
ima at the constellation points, thereby encouraging x; to align
with X. Notably, the Gaussian penalty function approaches
zero when |z;| > 4, which effectively confines the solution
within the vicinity of valid constellation points. Moreover, as
7 increases, the Gaussian penalty function becomes sharper
around these points, promoting a steeper descent toward valid
constellation values and thus accelerating the convergence.

For g(x), one might choose a very large a to strictly
enforce the constraints. However, excessive values of o may
lead to numerical instability or ill-conditioning, rendering the
optimization infeasible [36], [37]. In Section III-C, we analyze
the selection of o to maintain convexity of the proximal
objective function, which enables efficient optimization using
the Newton method.

B. Quantized Penalty Gradient (QPG) Algorithm

We now focus on efficiently solving the detection problem
in (15). Motivated by the proximal gradient method in [38],
we adopt a similar iterative structure to tackle the composite
objective F(x) = f(x)+ g(x). This framework is particularly
suitable when f is convex [31], and g is nonconvex but admits
a tractable proximal operator, as it allows their updates to be
decoupled within the optimization process. In the proposed
QPG algorithm, the variable z(*) is updated based on the vector

s® as follows
2 =s —puv(sth), (18)

where t = 1,2, ...,Tx presents the iteration index, and p
denotes the step-size. Gradient computation V f(s(*)) varies

15 4

(@ g(w;) = cos(mw;)

0.5
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. . . .
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T

Fig. 2. Tllustration of the Cosine and Gaussian penalty terms with 16-QAM.

according to the quantization resolution. Specifically, for 1-bit
quantization case, the gradient is computed as

Vi) = ~GTo (~Gs®), (19)

where G = diag {sign (y)} H € RY*¥_ For the case of few-
bit quantization, the gradient takes the form

Vi(s®) = —HT [1-0(Hs— q®) — o(Hs" — ¢°%)
(20)
where g = [¢f,...,q¥]" and ¢¥ = [¢™,....¢¢"
represent the upper and lower quantization thresholds, respec-
tively. Following the gradient update, a proximal operation is
applied to z() as

}T

x() = proxug(z(t)) = arg min {;Hx — 202 + ,ug(x)} .
) 21

Remark 1: The proximal step can be interpreted as a form of
soft symbol projection, where each update not only minimizes
the objective but also naturally guides the solution toward the
constellation points. Moreover, this structure flexibly supports
various penalty functions, such as Cosine and Gaussian terms,
without requiring modifications to the algorithm.

Next, a momentum update is performed by

V(B = x4 g0 (x(1) _ 5 (=1, 22)

where ) € (0,1] denotes the accelerated parameter. After
that, the selection of estimate s(!*1) is based on the cost
function evaluation in (15). If the objective function value of
x(®) is lower than that of v¢, i.e., F(x(®)) < F(v(®), then x(*)
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is selected for the next iteration, where acceleration parameter
B®) is updated as

gt+1) — X(t)7 (23)
B = 08, (24)
Otherwise, v is selected, and the updates become
st = v (25)
(t)
BHHD = min {5, 1} . (26)
4

Here, o € (0,1) is a control parameter for the acceleration
adjustment.

C. Efficient Proximal Operation

To solve the proximal operation in (21) efficiently, we first
present the following Theorem to ensure the convexity of the
proximal subproblem.

Theorem 1. Given that the penalty parameter « in g(x)

satisfies
{5 i)
(6 S min 5 T 3 (>
iy 4/1,7]6_5

the proximal objective function in (21) remains convex.

27

Proof. To examine the convexity of the proximal objective in
(21), we first consider the Cosine penalty in (16), which leads
to the following optimization problem

1
xl(t) = arg min {2||x1 - zzm 12 + au cos(wxi)} , Vi. (28)
Defining w(z;) = 3lz; —
and Hessian are given by

202 + apucos(ra;), its gradient

(®)

%

(29)
(30)

Vw(z;) =z; — 2z, — aprsin(rz;),

Ho () = 1 — apr? cos(m;).

Therefore, to maintain convexity, we require H,,(z;) > 0,
which corresponds to the following constraint
1

o< ——

—t 31

As for the Gaussian penalty in (17), the proximal objective
becomes k(xz;) = 1||x; — 29012 - ap Siex e~@i=3)"  with

its gradient and Hessian expressed as

Vk(z;) = z; — zft) + ap Z e*”(“*j)Q[Qn(xi -7, 32

jex
Hi(w) =1+ ap Y e @D 2 — 4P (z; — 5)%]. (33)
jex
Thus, convexity requires
1
o< ——. (34)
dpne=2

The detailed derivation of this bound is omitted for brevity.
Finally, by incorporating the results from (31) and (34), the
proof is thus completed. O

Algorithm 1: The Proposed QPG Detection Algorithm
for Quantized Uplink Massive MIMO Systems

Input : y, H, q*, ¢%, i, a, 1, BN, 0, Thax

Output : estimated transmit signal X
1: Initialization: s() = x(©) = 0, G = diag {sign (y)} H
2: for t =1,2,..., T do
3:  // 1-bit quantization:

4 Vf(s®)=-GTo (—GsW)
5. // few-bit quantization:
6 Vf(s®)=—H[1-0(Hs®—q"?) —o(Hs)—q"¥)]
7: z(t) — S(t) — uvf(s(t))
g8: fori=1,2,...,K do
9: /I Cosine penalty function:

) () () apm sin(ﬂ'zgw)
10: Tt =20+ 1—apmr? cos(wzgt))
11: /I Gaussian penalty function:

®_, 0

12: CCZ(-t) = z_(t) _ WY jex e "G 77)2[27](4 )_])]

an Y en e*ﬂ(zgt)fjﬂ [2n—an2 () —j)2]
13:  end for

14: V(t) — X(t) + ﬁ(t) (X(t) — X(t_l))

15: if F(x®) < F(v(") then

16: st = x(®)

17: B(t+1) _ Qﬁt

18:  else

19: st+l) — v (®)

20: B = min { BY 1}
Q )

21:  end if

22: end for

23: output X = [x(Tm) |5 € XK

Note that this constraint is derived based on a worst-case
bound cos(v) > —1 for Vv € R, and thus serves as a
sufficient yet conservative condition to ensure the convexity
of the proximal objective. Its practical applicability will be
further investigated through the simulation results in Section V.

Given the established convexity, the proximal operation in
(21) can be efficiently solved using the Newton method [39].
Specifically, for each x;, we apply a single Newton iteration

apm sin(wzl(t))

xz(‘t) - Zi(t) + — (35)
1 — apn?cos(mz; )
for the Cosine penalty function, and
(2 2 t) .
o o= =0 o (0 _
SO OHDjex [2n(2;" — )] G6)

1 Ltap e e 102 (20— d (7 —j)?]
for the Gaussian penalty function.

The initial choice of s(*) and x(°) can be arbitrary vectors
and here we set s(/) = x(9) = 0. Unless otherwise specified,
we empirically set © = 0.04, « = 1, n = 10, 6(1) = %
o = 0.5, and T . = 20 as default values. After T, iterations,
final estimated vector x(Tm) is obtained, yielding the final
detection result. To summarize, the proposed QPG detection
algorithm for quantized uplink massive MIMO systems is
outlined in Algorithm 1.
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TABLE I
COMPUTATIONAL COMPLEXITY COMPARISONS OF THE QUANTIZED DETECTION ALGORITHMS

Computational complexity

Algorithm

1-bit quantization

H Few-bit quantization

Traditional MMSE [12]

05K3+ K?2N+ KN+ K?+ K

BMMSE [13]

0.5N3 +2N2K + N2+ NK

One-stage nML [16]

NK + (2N 4 1) KTiax -

Two-stage nML [16]

NK + (2N + 1)K Tpax + [NL|N(K +2) -

GD [29]

NK + (2NK + 3N + K)Tax

(2NK + 6N + K)Tpa

Proposed QPG-C

NK + (ANK + TN + 12K) Ty

(ANK + 10N + 12K ) Tpay

Proposed QPG-G

NK + (ANK 4 7N + 5K + 14| X|K) Ty

(ANK + 10N + 5K + 14| X|K) oy

Recent work [23] also employs a Newton-based method
with a penalty function for 1-bit massive MIMO orthogonal
frequency division multiplexing (OFDM) systems. In contrast,
our approach incorporates constellation-aware penalty func-
tions and further establishes theoretical convergence guaran-
tees in Section IV, making it better suited for general few-bit
systems with known symbol priors.

D. Computational Complexity Analysis

Here, the computational complexity is evaluated in terms of
the required number of real multiplications [40]. For example,
the complexity required to invert a matrix of dimension K x K
is quantified as 0.5K2 real multiplications [41].

In particular, the computational complexity of QPG can be
broken down into several main components. First, the multipli-
cation between diag {sign (y)} and H incurs a complexity of
NK. At each iteration, computing gradient VF(s®*)) requires
2N K + 3N for 1-bit case and 2N K + 6N for few-bit case.
Updating z(*) has a computational cost of K. For the proximal
operation, updating x(*) involves computing both the gradient
and Hessian matrix of the proximal objective function for
each xgt), resulting in complexities of 6K and (8|X| + 3)K
for the Cosine and Gaussian penalty functions, respectively.
After that, calculating v(*) involves a scalar-vector multiplica-
tion and requires K operations. The evaluations of F(x(*))
and F(v(®) need complexities of 2(K + 2)N + 2K and
2(K + 2)N + 3|X|K for the Cosine and Gaussian cases,
respectively. In the following iterations, the cost of updating
st and ¢+Y) js negligible. To summarize, the overall
complexity of the QPG detection algorithm is illustrated in
Table L.

Throughout the context, |X| represents the size of con-
stellation set, while |N;| refers to the size of the search
space for nML. T},.x denotes the numbers of iterations. The
computational complexity of the considered detection schemes
is analyzed separately for different quantization scenarios.
Specifically, we refer to the QPG algorithm with the Cosine
and Gaussian penalty functions as QPG-C and QPG-G, re-
spectively. As summarized in Table I, both QPG-C and QPG-
G exhibit a complexity of only O(N K'), which is significantly

lower than that of both traditional MMSE and BMMSE
methods. Although the complexity of QPG-C is approximately
twice that of the GD algorithm, it will be shown in Section V
that QPG-C converges substantially faster than GD, resulting
in a comparable overall complexity. Furthermore, while QPG-
G introduces additional computational overhead, it achieves
considerable performance improvements. This trade-off pro-
vides a flexible and practical solution for quantized massive
MIMO detection.

IV. DETECTION PERFORMANCE ANALYSIS

This section provides a comprehensive analysis of the pro-
posed QPG algorithm. We first examine the Lipschitz continu-
ity of f(x). Based on this, we then prove the monotone descent
property to ensure convergence to a stationary point. Finally,
assuming convergence to a local minimum, we establish the
linear convergence rate of QPG.

A. Lipschitz Continuity
To ensure the stability and convergence of the QPG al-

gorithm, we first establish the Lipschitz continuity of the
objective function f(x) defined in (11).

Theorem 2. The gradient of the objective function f(x) in
(11) is Lipschitz continuous, where the Lipschitz constant Ly
is given by )
Ly==

772

where ||H||2 is the ¢y-norm of the matrix H.

|H3, (37)

The proof of Theorem 2 is provided in Appendix A.

This Lipschitz constant plays a fundamental role in deter-
mining the step-size constraint ¢ < 1/L¢ and directly impacts
the convergence behavior of the QPG algorithm. Specifically,
|H||3 reflects the system dimensionality, such as the number
of users and antennas in massive MIMO systems. Larger
system sizes typically lead to higher spectral norms, and hence
larger Ly, which reduces the allowable step-size and slows
down convergence. This indicates that more careful step-size
selection is required in large-scale systems to maintain stable
and efficient optimization.
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B. Monotone Descent Property

Based on the Lipschitz continuity of V f(x), we now
establish the monotone descent property of the proposed QPG
algorithm and analyze the behavior of its stationary points.

Theorem 3. Given the objective function F(x) in (15) and a
step-size 1 < %’ the sequence {xV)} generated by the QPG
algorithm satisﬁ[es the following descent property

P(xD) < F(x1), (38)
and eventually converges to the stationary point, where
lim VF(x®) = 0. (39)
t—o0

Proof. The key step in analyzing the descent property of QPG
lies in the proximal operation in (21), which can be rewritten
as

x(t) = prox,,, {s(t) — qu(s(t))}
1 2
= arg;nin {g(x) + ﬂ Hx —s® 4 MVf(s(t))H }

— aremi ). x —s®y 4+ L ||x— @]’
=argmin < g(x)+(Vf(s'),x—s >+2# X—S )
(40)
where (-, -) denotes the vector inner product, and ||V f(s)]|
is omitted in the optimization progress for x. Notably, when
x = s, the above function equals to g(s(*)). Since x® is
the optimal solution to this problem, the following inequality
holds
1

o) (V£ x50} ¥ =50 < 5.

(4D
Furthermore, using the Lipschitz continuity of V f(x) estab-
lished in Theorem 2, we obtain

) = £(x) + g(x)
< F0)+ V() %0 — 50) + L — 5O

+9(s9) — (T (1), %0 ) — L xl) - 5O
1
F(s®) - (

1 _ Ly ||X(t) _ S(t)||2.

2 2
Since the step-size satisfies pu < %, it follows that F(x(t)) <
F(s(t)). Additionally, the update rule of QPG, from (23) to
(26), ensures that F(s(*+1)) < F(x(®)). Thus, for all iteration
index ¢, we conclude

F(st) < P(x®) < F(sW) < F(x®Y).

(42)

(43)
This establishes the monotone descent property of the se-
quence {x(Y)} generated by QPG.

Combing with the fact that F(x®)), F(s(")) > inf F > —o0
for all t, we conclude that both sequences {F(x(*))} and
{F(s®)} converge to the same limit, denoted as F*, namely,

i My — 5 "y — p*
tlggoF(x ) tlggloF(s )= F". (44)

7
Now combining (42) and (43) yields
Lo Ly oo o2 ) ®
— _Zr _ < _
(3~ %) I =2 < F6) - )
< F(sW) — F(sttD).  (45)

Summing over t = 1,2, ..

1
2p

. 1
Since p < i it follows that

., 00, we obtain

L oo
) S = s < P - P < )
t=1

lim [|x® —s®| =0.

t—o0

(47)

This implies that the QPG algorithm converges to a stationary
point.

Finally, by the optimality condition of the proximal opera-
tion in (40), which is shown to be convex in Theorem 1, we
have

Vg(xW) + Vf(sW) + i(x(t) —s®)y=0. 8

Thus, we can obtain the gradient of F(x®)) as
VF(x") = Vf(x") + Vg(x")
= V) = V) = x50, )
whose norm can be further upper bounded by
VPO = [950) = 97(6) = 2 -5

SHVf@@)fo@@w+iﬂxwfsmH

1
< <Lf + N) [x® —s®].

Taking the limit as ¢ — oo, and using the fact that
limy o0 [X® — s® || = 0, we obtain lim; ., VF(x*) =0,
which completes the proof. O

(50)

Clearly, Theorem 3 ensures that sequence {x(*)} converges
to a stationary point where the gradient vanishes. Given the
monotone descent property, the stationary point may be a
saddle point or a local minimum. In the next subsection, we
focus on the case where QPG converges to a local minimum
and demonstrate the resulting linear convergence behavior.

C. Linear Convergence Rate of QPG

Building on the monotone descent property, we now formal-
ize the linear convergence rate of the QPG algorithm, under
the condition that stationary point is a local minimum.

Theorem 4. Consider the objective function F(x) in (15) and
a step-size [ < L% then the QPG algorithm exhibits linear
convergence rate, characterized by

dc? \'
) < (97 \ _©
© (14d02) =

(G
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with constants

2(uLys 4 1) 1
SE g Vi L N = , 52
(1 —pLy) V/2Amin (V2F(x%)) (52)

where ¢) = F(x()) — F(x*) represents the residual, and x*
denotes the local minimum of F(x).

Proof. To analyze the convergence rate, we first consider the
local minimum x* of F'(x), which satisfies

VE(x*) =0, V?F(x*)>0. (53)

Using the first-order Taylor expansion around x*, we expend
the gradient of F(x(®) as follows

VF(xW) ~ VF(x*) + V2F(x*)(x® — x*). (54)

Taking the norm on both sides, we obtain the following bound
IVE)| = [V2F(x")(x® x|

> owin (V2F(x)) [Ix =", (55)

where opin (V2F(x*)) > 0 denotes the smallest singular
value of the Hessian matrix. Similarly, expending F(x(®))
using the second-order Taylor expansion around x*, we have

F(xW) ~ F(x*) + VF(x)T(x® — x*)

+ %(X(t) — xR (x*)(x® —x*).  (56)

Thus, the residual F(x(*)) — F(x*) can be lower bounded as
1

Fx®) - F(x*) = 5(x<t> —x)TV2F(x")(x® — x*)
1
3 Amin (V2F(x)) Ix® —x*|2, (57)
where Amin (VzF (x*)) > 0 refers to the smallest eigenvalue
of V2F(x*). Given that V2F(x*) is symmetric and positive
semi-definite, its eigenvalues coincide with its singular values
[42]. Thus, we have Amin (V2F(x*)) = omin (V2F(x")).

Y

To analyze the convergence rate, we introduce the desin-

gularizing function ¢(z) = S, where ¢ = 3 and C' =

1/+/2Amin (V2F(x*)). Utilizing (55) and (57), we derive the

following key inequality
¢ (Fx) = Fx)) IVF(x1))

- 0 (P = Fe)) T 9RO

251 )‘flin (VzF(X*)) Hx(t) _ X*||2¢71

> 1.

(58)

Defining the residual as e®) = F(x(®) — F(x*), and squaring
both sides of (58), we obtain
1< W) VRED))?

@ o (-1 1)° t 12
2 o) (g4 1) 0 50
i

(b) 2
< CQ(E(t))—l (Lf+1> ( 1

w) (L _ Ly
2n 2

(F(x(t_l)) - F(x(t)))

8
TABLE 11
OPTIMAL QUANTIZATION FOR A STANDARD GAUSSIAN INPUT [34]
b Quantization Alphabet A Quantization Thresholds C
1 {-0.798, 0.798} {—00, 0, oo}
2| {-1.510, —0.453, 0.453, 1.510} {—00, —0.982, 0, 0.982, co}
{—2.152, —1.344, —0.756, —0.242, {—00, —1.748, —1.050, —0.500,
3 0.242, 0.756, 1.344, 2.152} 0, 0.500, 1.050, 1.748, oo}
2
_ 2(uLy +1) CQ(E(t)>—1(E(t—1) _ E(t))
p(1 = pLy)
5(t71)
=dC? [ —+— —1]. (59)
e(t)

Here, step (a) follows from (50), while step (b) is derived from

(43) and (45), with the constant d = % Rearranging
the inequality in (59), we obtain
dCc?
(t) « 22 (=1
¥ < g e, (60)
which confirms the linear convergence rate of QPG, thus
completing the proof. [

The above Theorem demonstrates that the proposed QPG
detection algorithm linearly converges to a local minimum,
which guarantees its superior performance within only a few
iterations. To further characterize the trade-off between detec-
tion performance and computational complexity, we provide
the following Corollary.

Corollary 1. Given a target error tolerance 6, i.e., F(x(*)) —
F(x*) < 0, the required number of iterations t for QPG must
satisfy o
Ind —Ine
b= IndC? —In(1+4dC?)’ D)

The proof of Corollary 1 is provided in Appendix B.

This Corollary provides an explicit guideline for determin-
ing the number of iterations to meet a target error tolerance ¢.
Specifically, it shows that only O(In ¢) iterations are required,
highlighting the efficiency of the QPG algorithm for practical
implementations.

V. SIMULATION RESULTS

In this section, we present a comprehensive simulation study
to evaluate the performance of the proposed QPG detection
algorithm in uplink quantized massive MIMO systems. Our
investigation focuses on the algorithms’ convergence behavior,
bit error rate (BER) performance, and computational complex-
ity under a variety of realistic channel conditions, including
Rayleigh, Rician, correlated fading, and channel estimation
error. All simulations employ the non-uniform quantizers in-
troduced in [34], with quantization alphabets .4 and thresholds
C for different bit resolutions summarized in Table II. These
values are scaled by o, defined in (6) to match the dynamic
range of the received signal.

Fig. 3 illustrates the BER performance of QPG algorithm
with the Cosine penalty function (denoted as QPG-C) under
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Fig. 3. The impact of penalty parameter o on the performance of the QPG-C
detector in the uncoded 128 x 16 MIMO system with 16-QAM modulation.

varying penalty parameters « in an uncoded 128 x 16 MIMO
system using 1-3 bits ADCs. The channel elements are as-
sumed to be i.i.d. with distribution CA (0, 1). Simulations are
conducted under three average per-bit SNR scenarios: 20 dB
for b =1, 5 dB for b = 2, and 4 dB for b = 3. The QPG-
C algorithm is executed with fixed parameters p = 0.04 and
Thax = 20. For reference, the BER performance of the GD-
based detection algorithm in [29] is also shown, using the same
step-size and number of iterations as QPG-C. Notably, for
small values of « (i.e., 0.2-1), QPG-C consistently outperforms
the GD method, highlighting significant nonlinear performance
gains. However, as « increases (i.e., 2.2-3), the performance
of QPG-C begins to degrade. This degradation occurs because
larger o values introduce greater non-convexity into the de-
tection problem formulated in (15), effectively rendering it
NP-hard again. The figure also marks the upper bound on «
derived in Theorem 1. While this theoretical bound is not tight,
since the best performance is observed at values well below
it. Nevertheless, it still provides a useful sufficient condition
for stable optimization across various SNR and quantization
levels.

Fig. 4 further extends the analysis to the QPG algorithm
employing a Gaussian penalty function (denoted as QPG-
G), evaluated under the same system setup and simulation
conditions as in Fig. 3, with fixed n = 10. Similar to
QPG-C, the QPG-G detector achieves noticeable nonlinear
gains for small « values (i.e., 0.2-1.2), with performance
degrading when « increases further (i.e., 2.6-3). Compared
to QPG-C, however, QPG-G demonstrates a wider effective
range for «, indicating better robustness and adaptability to
different settings. Also, the corresponding upper bound on
« is also shown, serving as a sufficient condition to ensure
reliable performance improvements across diverse SNR and
quantization configurations.

Fig. 5 illustrates the sensitivity of the QPG-G detector’s
performance to the shape parameter 7 in an uncoded 128 x 16
MIMO system employing 16-QAM modulation. The simula-
tion settings are consistent with those used in Fig. 4, with

—R
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Fig. 4. The impact of penalty parameter o on the performance of the QPG-G
detector in the uncoded 128 x 16 MIMO system with 16-QAM modulation.

the penalty parameter fixed at o = 0.5. As 7 increases, the
penalty function becomes sharper and more peaked, enabling
the QPG-G detector to achieve greater performance gains over
the GD baseline, particularly in the low 7 range (i.e., 0-5).
However, when 7 becomes excessively large (e.g., beyond 50),
the detector’s performance begins to degrade. This degradation
is attributed to the excessive non-convexity introduced into
the detection problem by large n values, effectively turning
the formulation in (15) back into a hard discrete optimization
problem.

Fig. 6 compares the detection performance of the pro-
posed QPG algorithm with several existing quantized detec-
tion schemes in an uncoded 128 x 16 MIMO system using
4-QAM modulation under 1-bit quantization. As baselines,
we include the traditional MMSE detector for unquantized
systems [12] (denoted as traMMSE), the BMMSE algorithm
[13], the GD method [29], and both the one-stage and two-
stage nML detectors from [16]. Step sizes are set to 0.01
for nML and 0.04 for GD. For the two-stage nML method,
the constant ¢ is chosen as 1.3. For the proposed methods,
QPG-C uses parameters o = 0.5 and p = 0.04, while QPG-
G employs a = 2, p = 0.04, and n = 10. All iterative
detectors are run for a fixed number of iterations, T.x = 5.
Due to the severe nonlinear distortion introduced by 1-bit
quantization, traMMSE, BMMSE, one-stage nML, and GD all
exhibit high error floors. The two-stage nML method allevi-
ates this issue via a refined search near the initial estimate,
achieving better accuracy. However, this performance gain
comes from the computational complexity, which increases
exponentially with the search space, rendering it impractical
for massive MIMO systems. In contrast, the proposed QPG
methods strike a better performance and complexity trade-off.
Specifically, QPG-C achieves substantial gains over GD with
similar complexity. For example, at Eb/Ny = 20 dB, QPG-C
attains a BER of 7.72 x 1075, significantly outperforming GD,
which reaches only 2.49 x 10~° under the same conditions.
Furthermore, QPG-G, which incorporates a Gaussian penalty

Authorized licensed use limited to: Southeast University. Downloaded on December 29,2025 at 03:18:21 UTC from IEEE Xplore. Restrictions apply.
© 2025 IEEE. All rights reserved, including rights for text and data mining and training of artificial intelligence and similar technologies. Personal use is permitted,

but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.



This article has been accepted for publication in IEEE Transactions on Communications. This is the author's version which has not been fully edited and
content may change prior to final publication. Citation information: DOI 10.1109/TCOMM.2025.3646813

10° T |
—— QPG-G, b=1, EbNO = 20dB

—A— QPG-G, b=2, EbNO = 5dB
— — —GD, b=2, EbNO = 5dB

QPG-G, b=3, EbNO = 4dB
GD, b=3, EbNO = 4dB

e
w102 1
R L T apy Jy R
\é— A A
10° 1
10'4 1 1 1 L L
0 10 20 30 40 50 60

Fig. 5. The impact of shape parameter 7 on the performance of the QPG-G
detector in the uncoded 128 x 16 MIMO system with 16-QAM modulation.
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Fig. 6. BER performance comparison of different methods for the uncoded
128 x 16 MIMO system with 4-QAM modulation and 1-bit ADCs.

function, achieves further improvements in BER and closely
approaches the performance of the two-stage nML detector
while maintaining significantly lower computational overhead.

Fig. 7 compares the BER performance of various detec-
tors in an uncoded 256 x 32 MIMO system using 16-QAM
modulation under 2-bit and 3-bit quantization. In addition to
standard Rayleigh fading, we also evaluate the robustness of
the proposed QPG algorithm under Rician fading channels.
Following the Rician channel model in [43], the channel
matrix is constructed as

H= ICL_HHLOS + %HHNLOS,
where C controls the power ratio between the line-of-sight
(LoS) and non-line-of-sight (NLoS) components. The LoS
component is defined as Hyog, , = e~/ (= D7sin(0k) - where
0y denotes the angle of arrival (AOA) for k-th user, uniformly
distributed over [0,27). The NLoS component Hxros,, , is

(62)
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Fig. 7. BER performance comparison of different methods for the uncoded
256 x 32 MIMO system with 16-QAM modulation and few-bit ADCs over
Rician channels.

modeled as i.i.d. CN(0, 1) distribution. Consistent with [44],
we assume a common Rician factor of K = 5 for all users,
simulating a strongly LoS-dominant environment. The number
of iterations is set to 20, and other simulation parameters
follow those in Fig. 6. While traMMSE and BMMSE benefit
from higher quantization levels in terms of convergence, their
BER performance remains unsatisfactory under both Rayleigh
and Rician fading. In contrast, QPG-C outperforms all other
quantized detection baselines, achieving a substantially lower
error floor. Remarkably, QPG-G further improves upon QPG-C
by leveraging an enhanced penalty function, delivering the best
BER performance across all tested configurations. With only
second-order computational complexity, QPG-G establishes
itself as a state-of-the-art solution for detection in quantized
massive MIMO systems.

Fig. 8 evaluates the performance of the proposed QPG
algorithms under correlated channels in a quantized massive
MIMO system with 2-bit quantization and 16-QAM modu-
lation. Following the channel correlation model in [45], the
correlated channel matrix is constructed as

H = R;,HTS,, (63)

where Reoy € CV*N and Ty, € CE*K denote the receive
and transmit correlation matrices, respectively. The degree of
spatial correlation is controlled by the normalized correlation

coefficient ¢ € [0,1], where ¥ = 0 corresponds to an
uncorrelated scenario and ¢ = 1 indicates full correlation.
In this experiment, we set ¢ = 0.1 to emulate a highly

correlated channel environment. We set . = 0.01, o = 0.8,
and n = 10. Due to strong channel correlation, the GD
method exhibits slow convergence and poor BER performance,
even with 20 iterations. In contrast, both QPG-C and QPG-
G demonstrate clear decoding gains over GD. Meanwhile, as
expected, QPG-G with an additional computational complexity
converges faster and achieves lower BER than QPG-C under
the same number of iterations.

Conversely, Fig. 9 investigates the BER performance of the
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Fig. 8. BER performance comparison of different methods for the uncoded
256 x 16 MIMO system with 16-QAM modulation and 2-bit ADCs over
correlated channels.
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Fig. 9. BER performance comparison of different methods for the uncoded
256 x 32 MIMO system with 64-QAM modulation, 3-bit ADCs and imperfect
CSL

proposed QPG-G detection algorithm under imperfect channel
state information (CSI) in an uncoded 256 x 32 massive MIMO
system using 64-QAM modulation and 3-bit quantization. To
model CSI uncertainty at the receiver, we adopt the standard
additive error model

H=H+ AH, (64)

where AH ~ CN(0,02I) denotes the channel estimation
error. Following [46], the error variance is set as ag = nl; s
where n,, and E,, denote the number and power of pilot spyrﬁ-
bols, respectively. We simulate three representative scenarios:
02 = 0 (perfect CSI), 02 = 0.05, and 02 = 0.1 (severe
estimation error). The QPG-G algorithm is configured with
pw = 0.02, o = 2, and various values of 7. The number of
iterations is set to 20 for QPG-G and 30 for GD. Compared
to the results of perfect CSI, the BER performance of all
the detection schemes under imperfect CSI degrade gradually

7
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Fig. 10. Comparisons of Computational Complexity for 128 x N; Quantized
Massive MIMO Systems.

with the increase of o2. Nevertheless, the proposed QPG-
G algorithm maintains robust performance under imperfect
CSI, even in the presence of high-order modulation and
coarse quantization. Moreover, by tuning 7 between 1 and
10, QPG-G benefits from a sharper penalty shape, leading
to faster convergence. However, when 71 becomes too large
(e.g., n = 20), performance degradation is observed due to
increased non-convexity, which is in line with the analysis of
Fig. 5. In practice, we find that moderate values of 7 (e.g.,
10) strike a good balance between convergence speed and
detection accuracy, especially for higher-order constellations,
which maintains sufficient penalty sharpness without introduc-
ing excessive non-convexity.

Fig. 10 presents a comparative analysis of the computational
complexity of various quantized detection algorithms in an
uncoded 128 x N, massive MIMO system employing 16-
QAM modulation. Complexity is measured in terms of the
number of real-valued multiplications required per detection.
For fair comparison, the complexity of GD, QPG-C, and QPG-
G detectors is evaluated using a fixed number of iterations,
Thax = 20. As expected, the computational cost of all schemes
increases with the number of transmit antennas /N;. How-
ever, unlike the traMMSE and BMMSE algorithms, whose
complexity increases rapidly with N;, the proposed QPG-
C and QPG-G algorithms demonstrate significantly slower
complexity growth, scaling as O(N;N,.). In summary, the pro-
posed QPG framework achieves an excellent trade-off between
detection performance and computational complexity. QPG-C
is particularly attractive for resource-constrained environments
and high-order modulation scenarios, offering efficient and
practical detection. On the other hand, QPG-G, with slightly
higher computational overhead, generally achieves faster con-
vergence and higher accuracy under most practical settings.

VI. CONCLUSION

This paper has proposed the QPG detection algorithm
for massive MIMO systems equipped with low-resolution
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ADCs, addressing key limitations of conventional quantized
detection approaches. The QPG framework formulates an
unconstrained relaxation of the signal detection problem by
introducing tailored penalty functions that promote alignment
between the estimated symbols and the discrete constellation
set. The QPG algorithm is developed to solve this relaxed
problem efficiently, achieving competitive detection accuracy
with only second-order computational cost. A rigorous the-
oretical analysis establishes the Lipschitz continuity of the
objective function, leading to guaranteed monotonic descent
and linear convergence of the proposed algorithm. Extensive
simulation results validate the effectiveness of QPG, showing
substantial improvements in BER performance and significant
reductions in complexity, outperforming existing quantized
detection methods under various practical channel conditions.

The proposed QPG algorithm readily extends to the SNR-
explicit signal detection problem in (10), and an adaptive step-
size scheme may further improve performance. The framework
is also structurally compatible with MIMO-OFDM systems
by applying frequency-domain transforms, as in [23], and this
extension will be explored in future work. Moreover, delay
and Doppler effects are important considerations in practical
deployment scenarios, particularly in mobile and wideband
communication systems, which presents a promising direction
for further research.

APPENDIX
A. Proofs of Theorem 2

To prove that Vf(x) is Lipschitz continuous, we first
consider the Hessian matrix 7  of the objective function f(x)
in its general form, which is given by

0o (Hx — q") n do(Hx — g'°v)

_ T
Hi(x)=H ox ox

ou'?
ox
+ H"diag {o(u") © [1 — o(u'™)]}
= H'diag {oc(u"") © [1 — o(u™)]} H
+ H"diag {o(u) ® [ — o(0'™)]} H, (65)

with u® = Hx — q"? and u® = Hx — q"°%. Here, the
gradient of the sigmoid function is computed as 8(:95/") =
diag{o(v) ® [1 — o(v)]} [29]. This general formulation is
adopted because the 1-bit quantization is a special case of the
multi-bit setting, and thus analyzing the general form ensures
broader applicability. Based on (65), for any non-zero vector

z € RX, the quadratic form of the Hessian satisfies
2/ H;(x)z = z' H diag {o(u"?) © [1 — o(u*)]} Hz
+z"H"diag {o(u¥) © [1 — o(u'")] } Hz
= ||v/diag {o(u®) © [1 — o (u?)]} He||*
+ [[y/diag {o(uo) © [1 — o(ulov))} Hal

1
§||HZ||2

= H”diag {o(u") © [1 — o(u*)]

ulow

0
0

X

IN

IA

1
3 3=, (66)

where we used the fact that o(v) - [I — o (v)] € [0, 1], for all
v € R [31]. This result leads to the upper bound of H; as

1
Hy(x) = 5 HI5Lx, (67)

where =< denotes the Loewner partial order, i.e., Hy is upper
bounded by 1||H||3Ix in the sense of positive semi-definite
matrices. Consequently, the gradient V f(x) is Lipschitz con-
tinuous with constant Ly = ||H||3, completing the proof.

B. Proof of Corollary 1
From the convergence result in Theorem 4, we have
dc? \'
t) t * 0
M = PxY) - F(x*) < (1+dC2) e, (68)

To ensure the residual is below the desired tolerance, i.e.,
e® < §, it suffices to find the minimum number of iterations
t satisfying

dc? \'
— ) @ <y
<1+d02> o= (69
Taking the natural logarithm on both sides yields
ac? 0

which leads directly to the expression stated in Corollary 1,
thus completing the proof.
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