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Abstract—In this paper, a novel low-complexity weighted
minimum mean squared error (WMMSE) algorithm for down-
link massive multiple-input multiple-output (MIMO) systems
is studied in detail. Specifically, we firstly adopt the general-
ized Broyden-Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton
method into the WMMSE algorithm, where the convergence of
the introduced generalized BFGS method is guaranteed. Then,
based on it, we achieve a significant reduction in the complexity
of the proposed WMMSE-BFGS algorithm, whose computational
complexity only grows linearly with the number of transmit
antennas. Finally, simulation results are given to show that the
proposed WMMSE-BFGS achieves lower complexity cost with
competitive performance compared to the classic WMMSE.

Index Terms—Massive MIMO, Precoding, WMMSE, Quasi-
Newton.

I. INTRODUCTION

Massive MIMO enables significant gains in spectral and
energy efficiency for 5G and future beyond 5G/6G systems
[1]. To maximize the sum rate of the downlink massive MIMO
systems, the celebrated WMMSE algorithm is proposed in [2],
which tries to solve the constrained weighted sum rate (WSR)
maximization problem via block coordinate descent (BCD)
method. Moreover, by making use of the full power property,
the work in [3] transforms the constrained WSR maximization
problem into an equivalent unconstrained problem for massive
MIMO downlink systems. Nevertheless, the computational
complexity of WMMSE grows cubically, which becomes
unaffordable with the rapid increment of the number of the
transmit antennas. To this end, a number of works about the
low-complexity WMMSE algorithm have been given [4]–[6].

Specifically, a variant of WMMSE algorithm is given in
[4], which bypasses the matrix inversion by applying gradient
descent and Schulz iterations. To accelerate the convergence of
WMMSE, techniques of projection and extrapolation are em-
ployed in [5], which facilitate the next iteration by generating
a predicted point in the feasible set. In [6], the quasi-Newton
strategy is applied to WMMSE. More specifically, as one
of the methods in quasi-Newton framework, the symmetric-
rank-1 (SR1) quasi-Newton method is introduced to reduce
the complexity order of WMMSE from cubic to quadratic
in the number of transmit antennas. Unfortunately, since the
convergence of the introduced SR1 quasi-Newton method in
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[6] cannot be guaranteed, the performance loss turns out to
be inevitable. Meanwhile, the SR1-based WMMSE algorithm
proposed in [6] only works for multiple-input single-output
(MISO) systems, rendering it limited in many cases of interest.

In this paper, under the framework of quasi-Newton, we
introduce the generalized BFGS method into WMMSE, which
not only works for massive MIMO systems, but also over-
comes the convergence issue. Based on it, a low-complexity
WMMSE-BFGS algorithm is proposed, whose complexity
scales linearly with respect to the number of transmit antennas.
Finally, the simulations verify the proposed WMMSE-BFGS
exhibits the lower complexity than WMMSE at the same WSR.

II. WMMSE FOR DOWNLINK MASSIVE MIMO SYSTEMS

We consider a massive MIMO system, where a single base
station (BS) with M transmit antennas simultaneously serves
K users. Each user k, k = 1, 2, ...,K, has Nk receive anten-
nas. Let Hk ∈ CNk×M denote the channel between BS and
user k. sk ∈ CLk represents the desired symbol vector for user
k and V̄k ∈ CM×Lk is the linear precoder for user k. Then the
transmitted signal of BS can be written as x =

∑K
k=1V̄ksk,

where we assume sk ∼ CN (0, I). Accordingly, the received
signal for user k can be expressed as

yk = Hkx+ nk = HkV̄ksk +

K∑
i=1,i̸=k

HkV̄isi + nk, (1)

where nk ∈ CNk is the additive white Gaussian noise
(AWGN) with distribution CN (0, σ2

kI) for user k.
Given the received signal shown in (1), the signal to

interference plus noise ratio (SINR) of user k is written as

SINRk = HkV̄kV̄
H
k HH

k

 K∑
i=1,i̸=k

HkV̄iV̄
H
i HH

k + σ2
kI

−1

, (2)

leading to the achievable rate of user k given by

Rk = log det(I+ SINRk). (3)

Based on Rk in (3), the WSR maximization problem under a
sum power constraint is formulated as [2]

max
{V̄k}K

k=1

K∑
k=1

αkRk (4)



Algorithm 1: The WMMSE Algorithm

Input: Hk, αk, σ
2
k, Pmax, ∀k.

Initialize: {Vk}Kk=1 with
∑K

k=1 Tr(VkV
H
k ) ≤ Pmax

and Wk = I,∀k.
1 repeat
2 update Uk = (Nk +HkVkV

H
k HH

k )−1HkVk, ∀k;
3 update Wk = (I−UH

k HkVk)
−1, ∀k;

4 update Vk by (8), ∀k;
5 until convergence;

Output: V̄k =
√
wVk, ∀k.

s.t.
K∑

k=1

Tr(V̄kV̄
H
k ) ≤ Pmax.

Here, the weight αk > 0 denotes the priority of user k and
Pmax is the power budget of BS. Moreover, the problem in (4)
can be equivalently reformulated as [3]

min
{Uk,Wk,Vk}K

k=1

K∑
k=1

αk

(
Tr(WkEk)− log det(Wk)

)
(5)

with the variable Vk = 1√
w
V̄k and w = Pmax∑K

k=1 Tr(VkVH
k )

.

Here, Wk ∈ CLk×Lk and Uk ∈ CNk×Lk denote the positive
definite weight matrix and the receiving matrix of user k
respectively. Meanwhile, the mean squared error (MSE) matrix
Ek ∈ CLk×Lk of user k is expressed as

Ek = (I−UH
k HkVk)(I−UH

k HkVk)
H +UH

k NkUk (6)

with Nk ≜
∑K

i=1,i̸=k HkViV
H
i HH

k +
σ2
k

Pmax

∑K
i=1 Tr(ViV

H
i )I.

As the problem in (5) becomes a convex and unconstrained
minimization problem with respect to each variable Uk, Wk

and Vk, the classic WMMSE can be applied to address
it, which employs the BCD method to sequentially update
variables Uk, Wk and Vk by fixing the other two variables
[2]. For instance, in WMMSE, by fixing variables Uk and
Wk, the optimization problem specified in (5) turns out to be

min
{Vk}K

k=1

K∑
k=1

αkTr(WkEk), (7)

and the optimal Vk can be obtained by

Vk =

(
K∑
i=1

αiH
H
i UiWiU

H
i Hi

+

K∑
i=1

αiTr
(

σ2
i

Pmax
UiWiU

H
i

)
I

)−1

αkH
H
k UkWk, ∀k.

(8)

As for complexity, compared to the updates of Wk and
Uk, the complexity cost of WMMSE is dominated by the
update of Vk. To be more specific, due to the matrix inversion
in (8), updating Vk reaches a complexity order O(M3), and
becomes prohibitive in practice when M is sufficiently large.
Consequently, the quasi-Newton strategy is introduced in [6] to
exclusively solve the problem in (7) with reduced complexity
cost. However, the introduced SR1 method in [6] is designed
only for MISO systems and not guaranteed to converge.

III. THE WMMSE-BFGS ALGORITHM

In this section, the generalized BFGS method is introduced
into WMMSE to solve the problem in (7), which works for
massive MIMO systems with guaranteed convergence.

First of all, for notational simplicity, we define the objective
function of (7) as follows

f(Vk) ≜
K∑

k=1

αkTr(WkEk), (9)

and its gradient with respect to Vk is given by

∇Vk
f(Vk)=−2αkH

H
k UkWk+2

K∑
i=1

αiH
H
i UiWi(U

H
i HiVk)

+ 2

K∑
i=1

αiTr

(
σ2
i

Pmax
UiWiU

H
i

)
Vk ∈ CM×Lk .

(10)
Subsequently, let Vk ≜ [vk1, . . . ,vkl, . . . ,vkLk

] with vkl ∈
CM for l = 1, . . . , Lk. Given Uk ̸= 0 for some k, the positive
definite Hessian matrix ∇2

vkl
f ∈ CM×M with respect to vkl

is written as

∇2
vk1

f = · · · = ∇2
vkl

f = · · · = ∇2
vkLk

f

= 2

K∑
i=1

αiH
H
i UiWiU

H
i Hi + 2

K∑
i=1

αiTr
(

σ2
i

Pmax
UiWiU

H
i

)
I.

(11)
Then, given (10) and (11), to solve the problem in (7), the

traditional Newton method for seeking Vk works iteratively
by

Vt+1
k = Vt

k − a ·
(
∇2

vkl
f
)−1 ∇Vk

f(Vt
k), (12)

where t is the iteration index and a is the positive step size.
To bypass the costly computation of ∇2

vkl
f and its inverse in

(12), we now introduce the generalized BFGS method from
the strategy of quasi-Newton to solve the problem in (7) by

Vt+1
k = Vt

k − a ·Gt∇Vk
f(Vt

k), (13)

where the approximation matrix Gt ∈ CM×M to
(
∇2

vkl
f
)−1

is generated in an iterative way [7]

Gt =
(
I− StΦt

(
Yt
)H)

Gt−1
(
I−YtΦt

(
St
)H)

+ StΦt
(
St
)H (14)

with St ≜ Vt
k−Vt−1

k , Yt ≜ ∇Vk
f(Vt

k)−∇Vk
f(Vt−1

k ) and

Φt ≜
(
(Yt)

H
St
)−1

. Here, the initial approximation G0 is
set to the identity matrix I, and the initial precoder V0

k is the
current BCD iterate Vk.

Since it is straightforward to verify
∂vec(∇Vk

f(Vk))
∂vecT (V∗

k)
= 0

with the vectorization operator vec(·), we can introduce the
Hessian matrix of f(Vk) in (9) with respect to Vk, i.e.,

HVk,V∗
k
f ≜

∂vec(∇Vk
f(Vk))

∂vecT (Vk)
, to judge its convexity [8].



Lemma 1. The function f(Vk) in (9) is µ-strongly convex,
since the Hessian matrix of f(Vk) with respect to Vk, i.e.,
HVk,V∗

k
f , satisfies

HVk,V∗
k
f − µIMLk

⪰ 0 (15)

with

µ = 2

K∑
i=1

αiTr
(

σ2
i

Pmax
UiWiU

H
i

)
> 0. (16)

Proof. From (10) and (11), we can derive

∇Vk
f(Vk) = −2αkH

H
k UkWk +∇2

vkl
f ·Vk. (17)

Then, based on (17), the Hessian matrix HVk,V∗
k
f follows

HVk,V∗
k
f =

∂vec
(
−2αkH

H
k UkWk +∇2

vkl
f ·Vk

)
∂vecT (Vk)

=
∂
((
ILk

⊗∇2
vkl

f
)

vec(Vk)
)

∂vecT (Vk)

= ILk
⊗∇2

vkl
f

⪰ µIMLk

(18)

with Kronecker product ⊗. Specifically, the second equality
holds by the property vec(XYZ) = (ZT ⊗X)vec(Y) [8].

Next, to proceed the following analysis, let us invoke the
Lemmas 2 and 3 from [7], [9], which confirm the convergence
of generalized BFGS method.

Lemma 2. [7] For a µ-strongly convex problem, the general-
ized BFGS method generates symmetric and positive definite
approximations if the initial approximation G0 ≻ 0.

Lemma 3. [9] For a L-smooth and µ-strongly convex prob-
lem, the quasi-Newton method converges if the approximations
are symmetric and positive definite and the fixed step size is
chosen from a∈(0, 2

L/λmin+µ/Λmin
], where λmin≜ mint∈L λt

and Λmin ≜ mint∈L Λt during the L quasi-Newton iterations.
Here, λt and Λt are the minimum and maximum eigenvalues
of Gt at the t-th quasi-Newton iteration respectively.

Based on Lemmas 1, 2 and 3, since f(Vk) is L-smooth
[4], by defining V∗

k as the unique minimum of the problem in
(7) at the current BCD iteration, we can readily arrive at the
following result.

Theorem 1. For the subproblem in (7), the WMMSE-BFGS
algorithm converges to the unique minimum, i.e.,

lim
t→∞

Vt
k = V∗

k (19)

with the positive definite initial approximation G0 and step
size a ∈ (0, 2

L/λmin+µ/Λmin
].

IV. COMPLEXITY REDUCTION OF THE WMMSE-BFGS
ALGORITHM

With regard to the complexity of the proposed generalized
BFGS for WMMSE, the complexity order of updating Gt in
(14) is O(M3), followed by the matrix multiplication between
Gt and ∇Vk

f(Vt
k) in (13) with complexity order O(M2Lk).

To alleviate the complexity burden, we propose to compute
and update the term Gt∇Vk

f(Vt
k) ∈ CM×Lk as a whole, so

that the iteration in (13) becomes

Vt+1
k = Vt

k − a ·Dt, (20)

where
Dt ≜ Gt∇Vk

f(Vt
k) (21)

is also known as the quasi-Newton direction. Moreover, for
the sake of notational simplicity, the update of Gt in (14) can
be recast as

Gt = MtGt−1Nt + StΦt
(
St
)H

(22)

with

Mt ≜ I− StΦt
(
Yt
)H

, (23a)

Nt ≜ I−YtΦt
(
St
)H

. (23b)

Then, given G0, the computation of Dt in (21) can be
expressed as follows

Dt=

t−1∏
j=0

Mt−j

G0

 t∏
j=1

Nj

∇Vk
f(Vt

k)

+

t∑
i=1

t−1−i∏
j=0

Mt−j

SiΦi
(
Si
)H t∏

j=i+1

Nj

∇Vk
f(Vt

k).

(24)
Clearly, by virtue of the low-dimensional matrix ∇Vk

f(Vt
k) ∈

CM×Lk , the complexity order of computing Dt in (24) is
reduced to O(M2Lk).

Next, to further reduce the complexity cost of Dt in (24),
motivated by L-BFGS, we define

Qi ≜

 t∏
j=i

Nj

∇Vk
f(Vt

k) (25)

and
Ai ≜ Φi

(
Si
)H

Qi+1, (26)

so that Dt in (24) can be reexpressed by

Dt =

t−1∏
j=0

Mt−j

G0Q1 +

t∑
i=1

t−1−i∏
j=0

Mt−j

SiAi.

(27)
Then, based on (23b) and (26), Qi in (25) follows

Qi = Ni

 t∏
j=i+1

Nj

∇Vk
f(Vt

k)

= NiQi+1

= Qi+1 −YiΦi
(
Si
)H

Qi+1

= Qi+1 −YiAi.

(28)

By doing this, the results of Qi and Ai can be efficiently
obtained in an iterative way, where the complexities of com-
puting Qi and Ai are ML2

k and 2ML2
k respectively.



Function 1: The Two Loops of WMMSE-BFGS

Input: G0,∇Vk
f(Vt

k), {Si}ti=1,{Yi}ti=1,{Φi}ti=1.
1 for i = t, t− 1, . . . , 1 do
2 Ai = Φi

(
Si
)H

Qi+1;
3 Qi = Qi+1 −YiAi;
4 end
5 R0 = G0Q1;
6 for p = 1, 2, . . . , t do
7 Rp = Rp−1 − Sp

(
Φp (Yp)

H
Rp−1 −Ap

)
;

8 end
Return: Dt = Rt.

Subsequently, defining R0 ≜ G0Q1, the update of Dt in
(27) can be expressed as

Dt =

t−2∏
j=0

Mt−j

M1R0 +

t−2∏
j=0

Mt−j

S1A1

+

t∑
i=2

t−1−i∏
j=0

Mt−j

SiAi.

(29)

Then, by factoring out the common factor over the first two
terms on the right-hand side of (29), we have

Dt=

t−2∏
j=0

Mt−j

(M1R0+S1A1
)
+

t∑
i=2

t−1−i∏
j=0

Mt−j

SiAi.

(30)
Similarly, by defining

Rp ≜ MpRp−1 + SpAp, p = 1, 2, . . . , t, (31)

the update of Dt in (30) can be inductively expressed as

Dt =

t−2∏
j=0

Mt−j

R1 +

t∑
i=2

t−1−i∏
j=0

Mt−j

SiAi

= . . .

=

t−p−1∏
j=0

Mt−j

Rp +

t∑
i=p+1

t−1−i∏
j=0

Mt−j

SiAi

= . . .

= MtRt−1 + StAt

= Rt, p = 1, 2, . . . , t.
(32)

Interestingly, in this way, Dt can be directly obtained by the
computation of Rt, which can be iteratively calculated by (31)
but with a more efficient formulation as

Rp = Rp−1 − Sp
(
Φp (Yp)

H
Rp−1 −Ap

)
, p = 1, 2, . . . , t.

(33)
Consequently, the computational cost of computing Dt in
(29) is reduced to 3tML2

k by decreasing the number of
matrix multiplications and leveraging the low-dimensional
matrices. On the other hand, to improve the performance, we

Algorithm 2: The WMMSE-BFGS Algorithm

Input: Hk, αk, σ2
k, Pmax, a, b, iteration number L and

accuracy ϵ, ∀k.
Initialize: {Vk}Kk=1 with

∑K
k=1 Tr(VkV

H
k ) ≤ Pmax

and Wk = I,∀k.
1 repeat
2 update Uk = (Nk +HkVkV

H
k HH

k )−1HkVk, ∀k;
3 update Wk = (I−UH

k HkVk)
−1, ∀k;

4 compute G0 by (35);
5 V0

k = Vk;
6 for k = 1 : K do
7 compute ∇

Vk
f(V0

k) by (10);
8 for t = 0 : L − 1 do
9 if ||∇Vk

f(Vt
k)||F ≤ ϵ then

10 break;
11 end
12 if t = 0 then
13 update V1

k by (20);
14 else
15 compute ∇

Vk
f(Vt

k) by (10);
16 compute St, Yt and Φt;
17 compute Dt by Function 1;
18 update Vt+1

k by (34);
19 end
20 end
21 Vk = VL

k ;
22 end
23 until convergence;

Output: V̄k =
√
wVk, ∀k.

apply the momentum technique to accelerate the convergence.
Specifically, given the momentum coefficient b ∈ [0, 1], the
momentum variant of the update in (20) is given by

Vt+1
k = Vt

k − a ·Dt + b
(
Vt

k −Vt−1
k

)
, t ⩾ 1. (34)

Besides, recalling µ in (16) and noting that the second term
µI on the right-hand side of (11) is trivially invertible, we
employ the more accurate initial approximation

G0 =
1

µ
I, (35)

which further improves the convergence. To summarize, the
WMMSE-BFGS algorithm is outlined in Algorithm 2.

Now, we examine the complexity of the proposed WMMSE-
BFGS for solving the problem in (7). For simplicity, we as-
sume Lk = L and Nk = N, ∀k. In particular, at each iteration
of BCD, the overall computation of {Dt}L−1

t=1 in Function
1 needs 3KML2L (L − 1) + KML (L − 1) multiplications.
Moreover, the computation of {∇

Vk
f(Vt

k)}
L−1
t=0 in (10) re-

quires K
(
2MNL+ 3ML2 +ML

)
+ (K − 1) (KMNL +

2KML2) + K2(MNL + 2ML2) (L − 1) + KMLL mul-
tiplications. The complexities of updating V1

k in (20) and
{Vt+1

k }L−1
t=1 in (34) are KML+ 2KML (L − 1) multiplica-

tions. Besides, the computation of {Φt}L−1
t=1 in (14) requires



TABLE I
THE COMPUTATIONAL COMPLEXITY OF WMMSE-BFGS AND WMMSE IN A BCD ITERATION WITH RESPECT TO THE PROBLEM IN (7).

Algorithm Computational Complexity M = 256, L = 5 M = 512, L = 6

WMMSE 2M3 + 2KM2L+KM2 + 2KML2 +KMNL
+KML+KN2L+KNL2 [4] 3.48× 107 2.73× 108

WMMSE-BFGS K2MNLL+ 2K2ML2L+KML2(3L2 − 2L) +KMNL
+KML(4L − 1) +KN2L+KNL2 + 2KL3(L − 1)

8.27× 105 2.28× 106
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Fig. 1. The convergence performance of the WMMSE-BFGS algorithm.

K
(
ML2 + 2L3

)
(L − 1) multiplications, while G0 in (35)

requires K
(
N2L+NL2

)
multiplications. Consequently, the

complexity of WMMSE-BFGS is as shown in Table I.

V. SIMULATION

We consider a BS with M transmit antennas and K users
each equipped with N = 4 receive antennas in a massive
MIMO system. Each user has L = 4 transmit streams and
equal priority α = 1. Besides, the channel Hk, ∀k follows the
circularly-symmetric standard complex normal distribution,
where the pathloss is 128.1+37.6 log10 (d) [dB] with distance
d (km) ∈ [0.2, 0.3] between the BS and the users. The equal
noise power is σ2 = 10

1
K

∑
k log10

1
N ∥Hk∥2

F ×10−
SNR
10 , ∀k, where

SNR = 10 [dB] is the average receive SNR for all users
without precoding. The maximum power of BS is P = 15 [W].

Fig.1 mainly compares the convergence performance of
WMMSE-BFGS and WMMSE under different transmit an-
tennas M = [64, 128, 256, 512], both initialized with the
ZF precoder. In contrast, Fig.1(a) considers K = 2 users,
while Fig.1(b) considers K = 4 users. Specifically, the
simulation is performed in MATLAB with maximum quasi-
Newton iterations L = [8, 7, 5, 6] and momentum coefficient
b = 0.4. The step size is a = [0.04, 0.03, 0.04, 0.04] for
K = 2 and a = [0.06, 0.06, 0.07, 0.07] for K = 4. In
addition, the convergence and performance are sensitive to the
choice of these parameters. Notably, these parameters can be

learned via deep unfolding [10], reducing the required quasi-
Newton iterations and thereby further lowering the complexity.
Additionally, we compare the numerical complexity in Table
I. From Fig.1, WMMSE-BFGS requires less iterations when
reaches the same WSR. Meanwhile, based on the comparison
of numerical complexity in Table I, WMMSE-BFGS achieves
a reduction in complexity relative to WMMSE.

Moreover, Fig.1(b) also compares WMMSE-BFGS with E-
WMMSE proposed in [5]. For fairness, we adapt E-WMMSE
to the problem (5), which still requires O(M3) matrix in-
versions. Hence, E-WMMSE is included as a baseline for
assessing the convergence speed of our proposed algorithm.
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