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Abstract—This paper presents expectation propagation-
conjugate gradient (EP-CG), a novel matrix-inversion-free EP
framework designed for activity detection in massive connectivity
scenarios. Conventional EP requires repeated inversions of large
covariance matrices, becoming computationally prohibitive as
the number of devices increases. In contrast, EP-CG computes
the posterior mean via a few preconditioned CG iterations and
estimates the required marginal variances using a Hutchinson di-
agonal estimator with Rademacher probe vectors. This approach
reduces the cost per-iteration from O(N3) to O(ULNR). By
demonstration, we further theoretically specify the number of
probe vectors required to achieve a desired level of estimation ac-
curacy. Numerical results confirm our analysis: EP–CG achieves
detection accuracy comparable to standard EP with a remarkable
complexity reduction, even when the number of users is very large.

Index Terms—Massive connectivity, expectation propagation,
conjugate gradient, low complexity.

I. INTRODUCTION

Massive connectivity is a defining feature of beyond-5G
and 6G systems that support massive machine-type commu-
nications (mMTC) in smart cities, industrial Internet of things
(IoT), logistics, and wearable/healthcare networks [1]. In these
scenarios, a base station (BS) simultaneously serves a very
large population of potential devices, while only a small
and sporadically changing subset is active in each coherence
block. Grant-free pilot transmission with compressed-sensing
(CS) style recovery has therefore become popular for activity
detection, where different methods have been developed [2]–
[4]. Among them, expectation propagation (EP) is prospective
due to its superior detection performance.

However, the conventional EP requires repeatedly construct-
ing and inverting large covariance matrices, such that its com-
putational complexity scales cubically with the dimension N .
Moreover, the sensing matrix in massive connectivity scenarios
is typically wide and under-determined, such that beneficial
conditions like favorable propagation conditions are no longer
hold [5]. Consequently, the off-diagonal entries of the corre-
sponding Gram matrix become non-negligible, thereby making
the complexity reduction of EP particularly challenging. Al-
though [6] introduces a low complexity EP (LC-EP) method
and finds statistical convergence property to achieve complexity
reduction for the under-determined setting, yet those guarantees
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require both an independent and identically distributed (i.i.d.)
Gaussian sensing matrix and an increased pilot length, which
restricts its applicability in more general scenarios.

In this paper, we propose expectation propagation-conjugate
gradient (EP-CG), a matrix-inversion-free variant of EP that
replaces explicit inversions with a stochastic diagonal esti-
mator together with a small number of preconditioned CG
solves. Specifically, the diagonal of the posterior covariance
is estimated via a Hutchinson estimator driven by a few probe
vectors, while the EP posterior mean is obtained by solving
the associated linear systems with CG. This design elimi-
nates explicit matrix inversions, thereby dramatically lowering
computational cost in the massive connectivity scenario. The
per-iteration cost of EP–CG scales as O(ULNR) rather than
the O(N3) inversion cost of conventional EP with U ≪ N ,
L ≪ N , and R ≪ N . Simulation results show that the
proposed method achieves performance comparable to standard
EP with a significant complexity reduction.

II. EP ALGORITHM FOR USER ACTIVITY DETECTION

We consider a single-cell uplink with a single-antenna BS
serving N potential devices, of which K are active. The
channel from device n to the BS is h̃n ∼ CN (0, βn), where
βn models path loss. Each active user sends a pilot of length
L. The received signal ỹ ∈ CL×1 is

ỹ =

N∑
n=1

ϕ̃nanh̃n + w̃ = Φ̃x̃+ w̃, (1)

where ϕ̃n ∈ CL×1 is the pilot sequence of user n, with i.i.d. en-
tries ϕ̃l,n ∼ CN (0, 1

L ). Φ̃ =
[
ϕ̃1, . . . .ϕ̃N

]
∈ CL×N is the pilot

matrix. User activity is indicated by an ∈ {0, 1}, and the com-
posite vector is x̃ = a ◦ h̃ = [x̃1, . . . , x̃N ]H with x̃n = anh̃n

(◦ denotes the Hadamard product). w̃ ∈ CL×1 ∼ CN (0, σ2
w̃I)

is additive white Gaussian noise (AWGN). The transmit power
of all devices is ρ. The complex-valued system (1) can be
converted into an equivalent real-valued representation[

ℜ(ỹ)
ℑ(ỹ)

]
=

[
ℜ(Φ̃) −ℑ(Φ̃)

ℑ(Φ̃) ℜ(Φ̃)

] [
ℜ(x̃)
ℑ(x̃)

]
+

[
ℜ(w̃)
ℑ(w̃)

]
,

(2)
which can be further expressed as

y = Φx+w. (3)



The goal of BS is to detect active users by recovering
x from the noisy observation y, for which the maximum a
posteriori (MAP) probability estimator is commonly employed.
In particular, the output of the MAP estimator is given by

x̂ = arg max
x∈R2N

p(x|y) = arg max
x∈R2N

p(y|x)p(x) (4)

with

p(y|x) = N (y|Φx,
σ2
w̃

2
I), (5)

p(x) =

2N∏
n=1

[
(1− ϵ)δ(xn) + ϵN (xn|0,

βn

2
)

]
. (6)

Here, p(x) is the prior distribution and ϵ is the activity
probability. However, the optimization problem in (4) is com-
putationally difficult due to the discrete nature of the activity
vector a. To address this, EP is adopted to approximate the
target distribution p(x|y) by a tractable Gaussian q(x) [7].

q(x) = N (x|m̃, Ṽ) (7)

with
Ṽ =

(
σ−2
w Φ⊤Φ+ ṽ−1

1

)−1
, (8)

m̃ = Ṽ
(
σ−2
w Φ⊤y + ṽ−1

1 m̃1

)
, (9)

where m̃1 and ṽ1 belong to the approximated prior distribution
qprior(x) ≜ N (x|m̃1, ṽ1). EP updates the pairs (m̃t

1, ṽ
t
1)

in each t-th iteration via moment matching. Specifically, at
iteration t and for user n, form the cavity marginal

qt\prior,n (xn) =
qtn(xn)

qtprior,n (xn)
= N (xn|m̃t

\1,n, ṽ
t
\1,n), (10)

where

ṽt\1,n =

[(
Ṽ t
nn

)−1

−
(
ṽt1,n

)−1
]−1

, (11)

m̃t
\1,n = ṽi\1,n

[(
Ṽ t
nn

)−1

m̃t
n −

(
ṽt1,n

)−1
m̃t

1,n

]
. (12)

Next, compute the mean Et
q[xn] and variance V t

q [xn] of
q̂tn(xn), where q̂tn(xn) = p(xn)q

t
\prior,n(xn).

Et
q [xn] =

Xt
1,n

Xt
0,n

, (13)

V t
q [xn] =

Xt
2,n

Xt
0,n

−
∣∣Et

q [xn]
∣∣2 , (14)

where Xt
m,n (with m = 0, 1, 2) represents the moments of

q̂tn(xn), which can be computed as follows

Xt
0,n=(1−ϵ)N

(
0|m̃t

\1,n,ṽ
t
\1,n

)
+ϵN

(
0|m̃t

1,n,βn+ṽ
t
\1,n

)
, (15)

Xt
1,n = ϵN

(
0 | m̃t

\1,n, βn + ṽt\1,n

) m̃t
\1,nβn

βn + ṽt\1,n
, (16)

Xt
2,n=ϵN

(
0|m̃t

\1,n,βn+ṽ
t
\1,n

)∣∣∣∣∣m̃
t
\1,nβn

βn+ṽt\1,n

∣∣∣∣∣
2

+
βnṽ

t
\1,n

βn+ṽt\1,n

 . (17)

Finally, update the pairs (m̃t
1, ṽ

t
1) such that q̂t+1

n (xn) has
the same mean and variance with qt+1

n (xn)

ṽt+1
1,n =

[
V t
q [xn]

−1 −
(
ṽt\1,n

)−1
]−1

, (18)

m̃t+1
1,n = ṽt+1

1,n

[
V t
q [xn]

−1
Et

q[xn]−
(
ṽt\1,n

)−1

m̃t
\1,n

]
. (19)

III. EP-CG ALGORITHM FOR USER ACTIVITY DETECTION

The key to avoiding the explicit inversion in EP is to bypass
a direct formulation of (8). Since the values of Ṽ in (8) are
only used in the mean update (9) and the site updates (11)-(12),
explicit inversion can be entirely eliminated by reformulating
these steps respectively.

A. Efficient Posterior Mean Update of m̃ in (9) via CG
The posterior mean update in equation (9) depends only on

the action of Ṽ on a vector, which is mathematically equivalent
to solving a linear system. In particular, (9) can be rewritten
as

Am̃ = b, (20)

where A = Ṽ−1 = σ−2
w Φ⊤Φ + ṽ−1

1 and b = σ−2
w Φ⊤y +

ṽ−1
1 m̃1. In this formulation, m̃ can be efficiently obtained by

solving (20) using CG method. This iterative solver avoids the
explicit formation in (8), mitigating the high computational
complexity associated with the covariance update.

B. Efficient Estimation of Ṽnn for (11) and (12) via Hutchin-
son’s Estimator

The cavity updates in (11)-(12) require only the diagonal
entries of Ṽ since both expressions rely on the elements Ṽ t

nn.
This motivates us to approximate Ṽ t

nn with the estimates stn
for user n by exploiting the standard Hutchinson estimator [8].

Specifically, the Hutchinson construction works by gener-
ating R probe vectors pr ∈ RN for r = 1, . . . , R with
i.i.d. Rademacher entries (±1 with equal probability). For each
probe vector, the matrix-vector product zr = Ṽpr is computed.
Here, we point out that each zr can be obtained by solving a
linear system

Azr = pr (21)

with A = Ṽ−1, following the same approach as (20) to avoid
explicit formation of Ṽ. The approximation is then formed as

st =
1

R

R∑
r=1

pr ⊙ zr. (22)

To quantify the accuracy of the proposed estimator, following
the analysis in [9], we define the t-th iteration column–wise

ratio ρtn =
∥ṽt

n∥2

2
−(Ṽ t

n,n)
2

(Ṽ t
n,n)

2
=

∑
n̸=j(Ṽ

t
nj)

2

(Ṽ t
nn)

2
and denote its upper

bound by ρ̄tn, and let Rt denote the required number of probe
vectors needed for the t-th iteration in EP, then we can arrive
at the following Theorem.

Theorem 1. For any desired accuracy ε > 0 and confidence
level ξ ∈ (0, 1), the estimator’s relative error holds

Pr
(∣∣∣Ṽn,n − sn

∣∣∣ ≤ ε
∣∣∣Ṽn,n

∣∣∣) ≥ 1− ξ, (23)



if the number of probe vectors Rt satisfies

Rt ≥ ρ̄tn
2 ln(2/ξ)

ε2
(24)

with ρ̄tn = 1
σ4
w

∑
j ̸=n

(
ṽt1,j

)2
.

Proof. We begin the proof by analyzing the EP posterior co-
variance at iteration t. Applying the Woodbury matrix identity
to Ṽt = (σ−2

w Φ⊤Φ + (ṽt
1)

−1)−1, we obtain the equivalent
form

Ṽt = ṽt
1 − ṽt

1Φ
⊤ (

σ2
wI+Φṽt

1Φ
⊤)−1

Φṽt
1. (25)

Define Σt = σ2
wI + Φṽt

1Φ
⊤, (25) simplifies to Ṽt = ṽt

1 −
ṽt
1Φ

⊤(Σt)−1Φṽt
1. Extracting the (n, j)-th entry of Ṽt yields

the component-wise expression:

Ṽ t
nj =

{
ṽt1,n − (ṽt1,n)

2ϕ⊤
n (Σ

t)−1ϕn, n = j

−ṽt1,nṽ
t
1,jϕ

⊤
n (Σ

t)−1ϕj , n ̸= j
. (26)

In order to calculate ρtn, it can be reformulated as

ρtn =

∑
j ̸=n(ṽ

t
1,n)

2(ṽt1,j)
2
(
ϕ⊤

n (Σ
t)−1ϕj

)2

(
ṽt1,n − (ṽt1,n)

2ϕ⊤
n (Σ

t)−1ϕn

)2 . (27)

Σt can be reformulated as Σt = σ2
wI + Φṽt

1Φ
⊤ = σ2

wI +∑
j ṽ

t
1,jϕjϕ

⊤
j , define Σt

\n = σ2
wI +

∑
j ̸=n ṽ

t
1,jϕjϕ

⊤
j . The

relationship between them is

Σt = Σt
\n + ṽt1,nϕnϕ

⊤
n . (28)

Apply Sherman–Morrison formula to (28) and obtain

(Σt)−1 = (Σt
\n)

−1 −
ṽt1,n(Σ

t
\n)

−1ϕnϕ
⊤
n (Σ

t
\n)

−1

1 + ṽt1,nϕ
⊤
n (Σ

t
\n)

−1ϕn

. (29)

First, to evaluate the quadratic form ϕ⊤
n

(
Σt

)−1
ϕn appearing

in (26), we invoke (29) to rewrite
(
Σt

)−1
and then yields

ϕ⊤
n(Σ

t)−1ϕn=ϕ
⊤
n(Σ

t
\n)

−1ϕn−
ṽt1,nϕ

⊤
n(Σ

t
\n)

−1ϕnϕ
⊤
n(Σ

t
\n)

−1ϕn

1 + ṽt1,nϕ
⊤
n (Σ

t
\n)

−1ϕn

=f t
n −

ṽt1,n(f
t
n)

2

1 + ṽt1,nf
t
n

=
f t
n

1 + ṽt1,nf
t
n

,

(30)
where f t

n = ϕ⊤
n (Σ

t
\n)

−1ϕn is introduced for notational sim-
plicity. We next compute the cross-term ϕ⊤

n (Σ
t)−1ϕj(n ̸= j)

in (26) and substitute (29) to it, we have

ϕ⊤
n(Σ

t)−1ϕj=ϕ⊤
n(Σ

t
\n)

−1ϕj−
ṽt1,nϕ

⊤
n(Σ

t
\n)

−1ϕnϕ
⊤
n(Σ

t
\n)

−1ϕj

1 + ṽt1,nϕ
⊤
n (Σ

t
\n)

−1ϕn

=gtnj −
ṽt1,nf

t
ng

t
nj

1 + ṽt1,nti
=

gtnj
1 + ṽt1,nf

t
n

,

(31)

Algorithm 1 EP-CG Algorithm
1: Input: y, Φ, βn, σ2

w, ϵ, p1,p2, . . . ,pR, m̃0
1, ṽ0

1

2: Output: Ṽ, m̃
3: for t = 0, 1, 2, . . . , T do
4: Compute At+1, Bt+1 by (34) and (35)
5: Evoke Function 1 to get Z = [z1 |z2| . . . |zR| m̃]
6: Compute stn by (22)
7: for n = 1, 2, . . . , N do
8: Compute ṽt+1

\1,n, m̃t+1
\1,n by (36) and (37)

9: Compute Xt+1
0,n , Xt+1

1,n , Xt+1
2,n by (15), (16) and (17)

10: Compute Et+1
q [xn], V t+1

q [xn] by (14) (13)
11: Compute ṽt+1

1,n , m̃t+1
1,n by (18) and (19)

12: end for
13: end for

where gtnj = ϕ⊤
n (Σ

t
\n)

−1ϕj(n ̸= j) is introduced for no-
tational simplicity. Substitute (30) and (31) to (27), we can
re-express ρtn as

ρtn =
∑
j ̸=n

(ṽt1,j)
2(gtnj)

2 =
∑
j ̸=n

(ṽt1,j)
2
(
ϕ⊤

n (Σ
t
\n)

−1ϕj

)2

.

(32)
Since column has been normalized, i.e., ∥ϕi∥ = ∥ϕj∥ = 1,
ϕ⊤

n (Σ
t
\n)

−1ϕj is bounded by∣∣∣ϕ⊤
n (Σ

t
\n)

−1ϕj

∣∣∣ ≤ ∥∥∥(Σt
\n)

−1
∥∥∥
2
≤ 1

σ2
w

. (33)

Substituting equation (33) into equation (32) yields the bound
in equation (24).

This theorem provides a theoretical lower bound for Rt

to achieve a desired estimation accuracy. Since ε and ξ are
designed choices rather than known constants, (24) can serve
as a design guideline. In practice, our simulations confirm that
satisfactory performance is achieved with a moderate Rt (e.g.,
between 10 and 20), which is practically efficient.

C. Parallel Implementation and Enhancement

Since CG is invoked in both preceding subsections, it is
natural to integrate a parallel CG solver into the overall EP–CG
framework to solve the multiple linear systems jointly. To
be specific, combining (20) and (21), we obtain the compact
matrix equation AZ = B, where A ∈ RN×N and B ∈
RN×(R+1), which can be written as

A = σ−2
w Φ⊤Φ+ ṽ−1

1 , (34)

B = [p1 |p2| . . . |pR|b] . (35)

By applying parallel CG, we obtain the solution Z =
[z1 | z2 | · · · | zR | m̃] ∈ RN×(R+1), from which the desired
posterior mean m̃ is obtained directly as the last column, and
the diagonal estimates s are computed via the estimator (22).
Substituting these estimates into the original update equations
leads to the following modified rules that replace equations
(11) and (12).

ṽt\1,n =
[(
stn

)−1 −
(
ṽt1,n

)−1
]−1

, (36)



Fig. 1. EP (upper) and proposed EP-CG method (bottom)

m̃t
\1,n = ṽi\1,n

[(
stn

)−1
m̃t

n −
(
ṽt1,n

)−1
m̃t

1,n

]
. (37)

For faster convergence, we apply a diagonal preconditioner
to the CG method. Specifically, the computational cost scales
linearly with the number of CG iterations, denoted as U .
Although U ≤ N is theoretically sufficient, practical scenarios
involving large-scale systems or ill-conditioned matrices can
significantly increase U [10]. To address this issue, a pre-
conditioner M = diag(σ−2

w I + ṽ−1
1 ) is applied. Specifically,

we solve the transformed system A′ Z′ = B′,A′ =
M−1/2AM−1/2 with B′ = M−1/2B and Z′ = M1/2Z.
Moreover, theoretical evidence shows that U is essentially inde-
pendent of the system dimensions N and L [11]. Thus, even for
high-dimensional systems, attaining a fixed residual tolerance
does not require increasing U , thereby making CG particu-
larly well-suited for large-scale inference. To summarize, the
proposed EP-CG algorithm is outlined in Algorithm 1. Fig. 1
presents a comparative analysis of the computational workflows
between the proposed EP-CG method and the conventional EP
algorithm.

As for the complexity analysis, assume that the total number
of iteration of EP is T . In the original EP algorithm, each
iteration requires an explicit inversion of an N × N matrix,
resulting in an overall computational complexity of O(TN3).
In contrast, the proposed EP–CG method replaces each matrix
inversion with an iterative CG solve coupled with a Hutchinson
stochastic diagonal estimator. The complexity of EP-CG is
dominated by matrix-matrix multiplication, specifically the
product of the sensing matrix Φ ∈ L × N with matrix
B ∈ N × (R+1). With CG performing U iterations per outer
EP iteration, the overall complexity of the proposed EP–CG is
therefore O(TULNR). EP-CG achieves lower computational
complexity when the inequality ULR < N2 holds. This
condition is typically satisfied in massive connectivity scenarios
because N is often in the hundreds or thousands, whereas
realistic parameter choices such as U ≈ 100, L ≪ N , and
R ≈ 10 keep the left-hand side far below N2. For a better
understanding, the complexity comparisons among different
algorithms is shown in Table I. Although the computational
complexity of EP–CG remains higher than that of the LC-
EP method in [6], EP–CG is applicable to sensing matrices
with arbitrary distributions, whereas LC-EP is restricted to i.i.d.
Gaussian sensing matrices.

Function 1 Parallel Conjugate Gradient Method
1: Initialize Z as a N × (R+ 1) matrix of all zeros
2: Initialize E = B and P = M−1E and W = M−1B
3: compute ρr =

∑D
j=1 Rn,r ·Wn,r for r = 1, . . . , R+ 1

4: for u = 1, 2, . . . , U do
5: compute Ψ = AP
6: compute πr =

∑N
j=1 Pn,r ·Ψn,r for r = 1, . . . , R+ 1

7: compute γr = ρr/πr for q = 1, . . . , R+ 1
8: update Z = Z+PΓ, where Γ = diag{γ}
9: update E = E−ΨΓ

10: if δ = ∥R∥F /∥B∥F ≤ emax then
11: return Z
12: end if
13: compute W = M−1E
14: let ρold

r = ρr for r = 1, . . . , R+ 1
15: compute ρr =

∑N
n=1 NRn,r ·Wn,r

16: compute ηr = ρr/ρ
old
r for r = 1, . . . , R+ 1

17: update P = E+PH, where H = diag{η}
18: end for
19: return Z

IV. NUMERICAL RESULTS

We consider a single–cell uplink with N = 500 users,
each assigned an L–dimensional pilot. The large–scale channel
gain of user n is modeled in decibels as βn = −128.1 −
36.7 log10

(
dn

)
, where dn denotes the distance between user

n and the BS. User locations are randomized by drawing
dn uniformly from [300, 500]m. The receiver noise spectral
density is set to −169 dBm/Hz and the activity probability is
ϵ = 0.1. We use the activity error rate (AER), defined as the
percentage of misclassified users over the total number of users.
We compare the proposed detector against several baselines:
AMP with a soft–threshold denoiser [12], MMSE–denoiser
AMP [3], standard EP [7], and OMP [13].

Fig. 2. Performance comparison of different methods based on AER versus
increasing pilot length.



TABLE I
COMPUTATIONAL COMPLEXITY COMPARISON FOR A 80×N MASSIVE CONNECTIVITY SYSTEM WITH U = 100 AND T = 5

Algorithm Complexity Order N = 500 N = 1000 N = 1500 N = 2000

EP [7] O
(
TN3

)
6.25 · 108 5.00 · 109 1.69 · 1010 4.00 · 1010

LC-EP [6] O
(
TN2

)
1.25 · 106 5.00 · 106 1.13 · 107 2.00 · 107

EP-CG
O (TULNR) , R = 10 2.00 · 108 4.00 · 108 6.00 · 108 8.00 · 108

O (TULNR) , R = 20 4.00 · 108 8.00 · 108 1.20 · 109 1.60 · 109

Fig. 2 illustrates the AER performance as the pilot-sequence
length L varies from 80 to 130, with the transmit power fixed
at ρ = 10 dBm. Across all settings, the proposed EP-CG
closely tracks the baseline EP. Moreover, as the number of
probes R increases and the CG iterations U keeps constant, the
performance steadily improves. This behavior occurs because
a larger R reduces the variance of the estimation error from
the Hutchinson estimator, thereby enhancing the precision of
the diagonal approximation. Intuitively, with sufficiently large
R, the stochastic estimation becomes accurate enough to make
EP-CG’s AER approach that of standard EP.

Fig. 3. Algorithm running time versus increasing pilot length.

Fig. 3 illustrates the running time versus the pilot length
L with N = 500, U = 100. While EP maintains a high
computational baseline due to explicit matrix inversions, EP-
CG maintains a low and stable cost across varying L. These
results confirm that replacing explicit solves with the proposed
CG-based framework significantly improves efficiency.

V. CONCLUSION

This paper presents a novel EP-CG algorithm, a matrix-
inversion-free variant of expectation propagation tailored for
massive connectivity. By replacing explicit dense solves with
a small number of preconditioned CG iterations and estimating
only the required marginal variances via a Hutchinson diagonal
estimator, EP-CG eliminates cubic-time inversions. Simulation

results confirm that the proposed EP-CG achieves low com-
plexity while preserving detection accuracy.
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