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FIGURE 4.4 (a) A simple function; (b) its Fourier transform; and (c) the spectrum. All functions extend to
infinity in both directions.
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FIGURE 4.8

(a) Fourier
transform of a
sampled,
band-limited
function.

(b) Ideal lowpass
filter transfer
function.

(c) The product
of (b) and (a),
used to extract
one period of the
infinitely periodic
sequence in (a).
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FIGURE 4.9 (a) Fourier transform of an under-sampled, band-limited function.
(Interference from adjacent periods is shown dashed in this figure). (b) The same ideal
lowpass filter used in Fig. 4.8(b). (c) The product of (a) and (b). The interference from
adjacent periods results in aliasing that prevents perfect recovery of F(u) and,
therefore, of the original, band-limited continuous function. Compare with Fig. 4.8.
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FIGURE 4.9

The functions in
(a) and (c) are
totally different,
but their digi-
tized versions in
(b) and (d) are
identical. Aliasing
occurs when the
samples of two or
more functions
coincide, but the
functions are dif-
ferent elsewhere.
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FIGURE 4.19 Illustration of aliasing on resampled natural images. (a) A digital image of size 772 x 548 pixels with visu-
ally negligible aliasing. (b) Result of resizing the image to 33% of its original size by pixel deletion and then restor-
ing it to its original size by pixel replication. Aliasing is clearly visible. (¢) Result of blurring the image in (a) with an
averaging filter prior to resizing. The image is slightly more blurred than (b), but aliasing is not longer objectionable.
(Original image courtesy of the Signal Compression Laboratory, University of California, Santa Barbara.)
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FIGURE 4.18 Illustration of jaggies. (a) A 1024 X 1024 digital image of a computer-generated scene with
negligible visible aliasing. (b) Result of reducing (a) to 25% of its original size using bilinear interpolation.
(c) Result of blurring the image in (a) with a 5 X 5 averaging filter prior to resizing it to 25% using bilinear
interpolation. (Original image courtesy of D. P. Mitchell, Mental Landscape, LLC.)
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An Algorithm for the Machine Calculation of Complex Fourier Series
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An Algorithm for the Machine Calculation of
Complex Fourier Series

By James W. Cooley and John W. Takey

An efficient method for the calculation of the interactions of & 2° factorial ex-
periment was introduced by Yates and is widely known by his name. The generaliza-
tiom to 3" was givem by Box et al.{1]. Good [2] grmeralised these methads and gave
elegant algorithms for which one class of applications is the calculation of Fourier
serien. Tn theirfull generalty, Good's methods are applicable ta ertain problems in
‘hich o st iy an Novctor by an N X ¥ matrix which can be fctored

tolog N.
roquiring & number of operations. pmpﬂrmlul ta N log N rather than N*. 'l'hu
suthods ure applied bere to the calculation of complex Fourier series. They ary
useful in situations whese the number of data. points is, oF can be chosen 1o be, 4
‘bighly composite number. The algorithm is here derived and presented in & rather
differeat form. Attention is given to the choiee of N. It is also shawn how special
advantage can be obtained in the use of a binary computer with ¥ = 2* nd how
the entire ealeulation éun be performed within the array of N data storage locations
weed for tha given Fourier cooficients,
Consider the problem of calevlating the complex Fourier series

(1) Xfi‘)ZEJ(H-W“ i=01, N—1,
where the given Fourier cocfficients A(k) are complex and W is the principal
Nth root of unity,

2) W=,

A straightforward caleulation using (1) would require A" operations where “opera-
tion” means, aa it wil throughout, this note, b compléx multiplication followed by &
s addition

The algorithm deseribed here iterates on the array of given complex Fourier
armplitudes and yields the resul in less than 2N Tog, N aperations without requiring
more data storage than i Tequied for the given array A. T derive the algoriths,
suppose N is o compasite, i.e, N = ri-rs . Then let the indices in (1) be expressed

Jmdndd,  B=OLeonol Ai=0loon—1
2 k=hkrt+hk, E=01-,m=1 k=01, WS-
Then, one can write
) X = T D AG, k)T

Usivoraity under -
otk icharl Gurein for i

Focsived August 17, 106 Researeh in part a1 Prineet
o the Army Rosearch Offee (Durham). The suthors
esventinl role In communieation and encoursgemeat.
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Since

) e i,

the inner sum, aver &y, depends only an jy and &y and can be defined 8 8 new army,
() A, k) = T ACh, by W

The result can then be written

(U] Ky do) = ;A:(ﬁ-,k-!-w""‘"”",

There are N elements in the array A; , each requiring r, operations, giving a total
of Nr, operations 0 obtain A, . Similarly, it takes Nr, operations to calculate X
frou Ay . Therefore, this two-step algorithm, given by (8) and (7), requires » total
of

®) T = Nri+ 1)
operations.
Tt isensy with
its application to (6), give an m-step algorithm requiring
@) T= Nrtnt o+ ra)
operstions, where
(10) Nomrencera,

7y = adywith &, 4> 1, then s, + b < r; unkess s, = 1 = 2, when s+ §; = 17
Tn general, then, using s maoy factors as possible provides & mivimum to (9), but
factors of 2 can be combined in pairs without loss. If we are able to choose I to ba
highly composite, we may make very real gains. If all 7, are equal to r, then, from
(10) we have

) m=log N

and the total number of aperstions is

az) T(r) = ¥ Jog. N.
N = , then we find that

Iy
L mmer ek pd e,
() y

logs ¥ = m-Toge -+ n-logs 4+ p-logs ¢ +

0 that
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whose values run as follows

]

cmuamame
BREREE =

10 EXT8

The use of r, = 3 is formally most efficient, but the gain is only about 6% over
the use of 2 or 4, which have other advantages. If necessary, the use of r, up to 10
ean increase the number of computations by no more than 50% . Accordingly, we
can find “highly composite” values of N within a few percent of any given Jarge
number.

Whenever possible, the use of N = ™ with r = 2 or 4 offers important advantages
for computers with binary arithmetic, both in addressing and in multiplication
economy.

‘The algorithm with r = 2 is derived by expressing the indices in the form

=g e 2,y
k= bay st k2t ke,

where j, and k, to0or1 h ive bit positions
in the binary representation of j and k. All arrays will now be written as functions
of the bits of their indices. With this convention (1) is written

(14)

(18) Xlmty w20y ) = E T ee T Ay ooy k) WSSt
where the sums are over k, = 0, 1. Since

10y B

the innermost sum of (15), over ku_; , depends only on jo, ku-s, -+ , ke and can
be written

A7) Aoy kasy w0y k) = T Alkaty ooy ko) W

Proceeding to the next innermost sum, over kn_s , and so on, and using

a8) me T gy S b3t

one obtains sucoessive arrays,
soe bttty
= Avae,

k)
“disy bt

RPN RS

i v by
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Writing out the sum this appears as
F U TTRG Ay SN )
= Avalfo, -o s fia, 0, kay

+ (=0 G,

L s

(20)
oy k)

Ja=0,1
According to the indexing eonvention, this is stored in a location whose index is

@) AT e G2 b2 e ke

It can be seen in (20) that only the two storage locations with indices having 0 and

1in the 2™ bit position are involved in the computation. Parallel computation is

pornitied sincsthe operstion de by (20) & berurndum with all vnlu-uf
* it is

xlvm( ‘what is equivalent et

The last array caloulated gives the desired Fourier sums,
@) XCas,

in such an order that the index of an X must have its binary bits put in reverse
order to yield its index in the array 4.
In some application, whero Fourier sums are 1o bo evaluated twico, the above

2do) = Aalie, -y Jaaa)

hat no bit-i is necessary. For example,
consider the solution of the difference equation,
(23) aX(G + 1) +0XG) + X — 1) = FG).

present method could be first applicd to caleulate the Fourier amplitudes of
F(j) from the formula.

(24) Bk) = —): FW™,

“The Fourier amplitudes of the solution are, then,

B(k)

(25) TC R L S—

The B(k) and A(k) arrays are in bit inverted order, but with an obvious modifi-
cation of (20), A(k) can be used 1o yield the solution with correct indexing.
A computer program lnr the 1me 7094 has been written which calculates three-
imensional F Th taken for com-
wu..; e dieoionat 2 X 3 X 3 arrays of data points was as follows:

naigle peocmeing crei, uslng Ul soiten vae desgrad by I, & Milr s0d 8.
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u=0v=0

F(uV)|=[R¥x y) +1{xy) ]5 £.)

TSEE

-
crpe.
» o

jnrssnenun PO RRERBR RN B R R B

I(u, v)
- dlu. v) = (& -1
M ¢(u v) = tan I:R(u. ‘v)}

BERIRRRITLRLLL | | LIy

lllllll

HHE
i

@ ®) )
A411 2-D BRRESMEE N LR




2D DFTRYMER: Al 70 &1k

o

F (U,V) — ZZ{.I: (X, y)e—jZﬂ'UX/N}. e—j27zvy/N
y X

— N THIE (R) BIMTRAISHBAZ N4
() ErEEH#R

OYAAZ, XJ7lm)EE—47 43 HRFT
OXANAL, YI7[n)EE—F|— 4R HRFT




2D DFTEYMEE: 7%

& 2% A R A f(x,y) = F(uv)
X=Xo, YV f(X=X, Y= Y,) & F(u,v)e o™

F(U V)e—jZﬂ(ux0+vy0)/N

:l F(U,V) | ej6?(u,v) |e—j27r(uxo+vy0)/N |

_ F u,v ej[6'(u,v)—27r(ux0+vy0)/N]
F(uv)] v
FAAZ
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WR{EAZE= |F(u,v)|
AT -2n(uxytvy,)/N
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Fu,v)=Fu+kM,v)=Fuv+kN)=Fu+kM,v+k,N)

f,y)=fx+kM,y)=f(x,y+k,N)=f(x+k M,y +k,N)
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2D DFT N B [z 1Ry —Ee 14 R

Spatial Domain’ Frequency Domain’ TABLE 4.1 Some
g symmetry
1) f(x,y)real < F(u,v)=F(—u,—v) properties of the
2) f(x.y)imaginary <  F(—u, —v) = —F(u,v) 2-D DFT and its
inverse. R(u, v)
3) f(x.y)real < R(u,v)even;I(u,v)odd and I(u, v) are the
4) f(x,y)imaginary < R(u,v) odd; I(u, v) even real and imaginary
i 1 = - parts of F(u,v),
>) F=x—y)real & (#; v) complex respectively. The
6) f(=x, —y)complex <  F(—u,—v)complex term complex
. . indicates that a
7) f(x,y)complex <  F (—u — v)complex function has
8) f(x,y)realandeven <  F(u,v)real and even nonzero real and
9) f(x,y)realand odd <  F(u,v)imaginary and odd imaginary parts.
10) f(x,y)imaginary and even <  F(u,v)imaginary and even
11) f(x,y)imaginary and odd <  F(u,v)real and odd
12) f(x,y)complexand even <<  F(u,v)complex and even
13) f(x,y)complex and odd <«  F(u,v)complex and odd

"Recall that x,y, u, and v are discrete (integer) variables, with x and « in the range [0, M — 1], and y, and
v in the range [0, N — 1]. To say that a complex function is even means that its real and imaginary parts
are even, and similarly for an odd complex function.
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FIGURE 4.23
Centering the
Fourier transform.
(a) A 1-D DFT
showing an infinite
number of periods.
(b) Shifted DFT
obtained by
multiplying f(x)
by (—1)* before
computing F(u).
(c) A2-D DFT
showing an infinite
number of periods.
The solid area is
the M X N data
array, F(u,v),
obtained with Eq.

(4.5-15).This array

consists of four
quarter periods.
(d) A Shifted DFT
obtained by
multiplying f(x, y)
by (=1)*"

before computing
F(u,v). The data
now contains one
complete, centered
period, as in (b).
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FIGURE 4.24

(a) Image.

(b) Spectrum
showing bright spots
in the four corners.
(c) Centered
spectrum. (d) Result
showing increased
detail after a log
transformation. The
zero crossings of the
spectrum are closer in
the vertical direction
because the rectangle
in (a) is longer in that
direction. The
coordinate
convention used
throughout the book
places the origin of
the spatial and
frequency domains at
the top left.
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FIGURE 4.3

(a) Image of a
20 X 40 white
rectangle on a
black background
of size 512 X 512
pixels

(b) Centered
Fourier spectrum
shown after
application

of the log
transformation
‘I\L,ﬂ in

Eq ( ’) 7)
Compare with
Fig. 4.2.
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FIGURE 4.25

(a) The rectangle
in Fig. 4.24(a)
translated,

and (b) the
corresponding
spectrum.

(c) Rotated
rectangle,

and (d) the
corresponding
spectrum. The
spectrum
corresponding to
the translated
rectangle is
identical to the
spectrum
corresponding to
the original image
in Fig. 4.24(a).
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f(xcos@ + ysin 6,—xsin 6 + ycon)

F(ucos @ +vsinf,—usin 6 +vcon)
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FIGURE 4.26 Phase angle array corresponding (a) to the image of the centered rectangle
in Fig. 4.24(a), (b) to the translated image in Fig. 4.25(a), and (c) to the rotated image in
Fig.4.25(c).
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FIGURE 4.27 (a) Woman. (b) Phase angle. (¢c) Woman reconstructed using only the
phase angle. (d) Woman reconstructed using only the spectrum. (e) Reconstruction
using the phase angle corresponding to the woman and the spectrum corresponding to
the rectangle in Fig. 4.24(a). (f) Reconstruction using the phase of the rectangle and the

spectrum of the woman.
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FIGURE 4.26 (a) Boy image. (b) Phase angle. (c) Boy image reconstructed using only its phase angle (all shape features
are there, but the intensity information is missing because the spectrum was not used in the reconstruction). (d) Boy
image reconstructed using only its spectrum. (e) Boy image reconstructed using its phase angle and the spectrum of
the rectangle in Fig. 4.23(a). (f) Rectangle image reconstructed using its phase and the spectrum of the boy’s image.
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SIS FRvs. DFT

M-1 N-1

f.y)y*h(x,y) = D D f(m,n)h(x —m,y— n)

f(x,y)*xh(x,y)< F(u,v)H(u, )
f(x,y)h(x.y) = F(u,v) % H(u,v)

399

fO)*n(x) = E_:Uf (X)h(x — m)

FRYELRIEIR : ANMORPIT
P=A+B-1

P=400+400-1=799

8 Ll N

f(m) f(m)
3 3
— e f
0 200 400 0 200 400
h(m) h(m)
2 2 {
f —1 m "
0 200 400 0 200 400
h(—m) h(—m)
I m : f ’.
0 200 400 0 200 400
h(x —m) h{x —m)
e 1 e . — | X|-—
R R m f f
0 200 400 0 200 400
flx)*g(x) fl)*g(x)
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Fourier transform
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FIGURE 4.28 1 .eft
column:
convolution of
two discrete
functions
obtained using the
approach
discussed in
Section 3.4.2. The
resultin (e) is
correct. Right
column:
Convolution of
the same
functions, but
taking into
account the
periodicity
implied by the
DFT. Note in (])
how data from
adjacent periods
produce
wraparound error,
yielding an
incorrect
convolution
result. To obtain
the correct result,
function padding
must be used.




DFTRE M RIBRFRIATVING

Name Expression(s)
1) Discrete Fourier M—1N-1 ‘
transform (DFT) F(u,v) = E Ef(x. e SR ERM YN
of f(x.y) x=0 y=0
2) II;]VCI:SC discrete l ME_:I NE_I
ourler transform f(x.y) = F(u, v) e/27ux/M+vy/N)
(IDFT) of Flu.v) MN = 50 '
3) Polar representation F(u,v) = |F(u.v)|e/"®v)
; 1/2
4) Spectrum |F (u, v)| = [Rz(u. v) + I3(u. v)]
R = Real(F): I = Imag(F)
5) Phas I , = el I(u,v)
3 rase angle d(u, v) = tan Ru1)
6) Power spectrum P(u.v) = |F(u, v)|?
_ | M-1N-1 |
7) Average value X.y) = coy)'= ——F(0,0
) Average value Flx.y) = Nzﬁ yg{)f(x = o E(D0)

(Continued)

O HimIioe 1 RGREFEIKE, HIbk e & NFR, i BRI 52K R 80




DFTEM At

8) Periodicity (k; and
k> are integers)

9) Convolution

10) Correlation

11) Separability

12) Obtaining the inverse
Fourier transform
using a forward

transform algorithm.

RRIXTVING

Flu,v) = Flu + kkM.v) = F(u,v + k,N)
= Flu+ kkM.v + k;)N)

flx.y) = f(x + k\M. y) = f(x.y + k;N)
= f(x + kiM.y + koN)
M-1N-1
f(x.y)*xh(x.y) = E Ef(m.n)h(x —m,y — n)

m=0 n=0

M-1N-1
flx.y)th(x.y) = > D f(m.nh(x + m.y + n)

m=0 n=0
The 2-D DFT can be computed by computing 1-D
DFT transforms along the rows (columns) of the
image. followed by 1-D transforms along the columns
(rows) of the result. See Section 4.11.1.

M—1N-1

MNf'(x,y) = > D F (u v)e 2ms/MroiN)

u=0 v=0
This equation indicates that inputting F (. ») into an

algorithm that computes the forward transform

. . A . \ o *
(right side of above equation) yields MNf (x, y).
Taking the complex conjugate and dividing by MN
gives the desired inverse. See Section 4.11.2.
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3. HU,Vv)xF(u,v)
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Pre- Post-
D F T processing processing
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5\ *DB f(x, }.} g(_r, }.)

6\ % (_1)x+y X(S)%%o 'lnput Enhanced

image image

?}ii;&i&{%z Sg_l [G(U,V)] FIGURE 4.5 Basic steps for filtering in the frequency domain.

Frequency domain filtering operation

Filter
function
Hu,v)

[nverse
Fourier
transform

Fourier
transform

Hiw, v)F{u,v)

G(u,v) = H (u,v)F (u,v) g(x.y) = Real {3 [H (u.v) F(u, )]}
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FIGURE 4.29 (a) SEM image of a damaged integrated circuit. (b) Fourier spectrum of
(a). (Original image courtesy of Dr. J. M. Hudak, Brockhouse Institute for Materials
Research, McMaster University, Hamilton, Ontario, Canada.)
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FIGURE 4.6
Result of filtering
the image in

Fig. 4.4(a) with a
notch filter that
set to 0 the
F(0,0) term in
the Fourier
transform.
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FIGURE 4.31 Top row: frequency domain filters. Bottom row: corresponding filtered images obtained using
Eq.(4.7-1).We used a = 0.85 in (c) to obtain (f) (the height of the filter itself is 1). Compare (f) with Fig.4.29(a).
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FIGURE 4.32 (a) A simple image. (b) Result of blurring with a Gaussian lowpass filter without padding.
(c) Result of lowpass filtering with padding. Compare the light area of the vertical edges in (b) and (c).




SUMMARY OF STEPS FOR FILTERING IN THE FREQUENCY DOMAIN

The process of filtering in the frequency domain can be summarized as follows:

1.

[

Given an input image f(x,y) of size M x N, obtain the padding sizes P and Q
using Eqs. (4-102) and (4-103); that 1s, P = 2M and Q = 2N.

. Form a padded’ image f,(x.y) of size PxQ using zero-, mirror-, or replicate

padding (see Fig. 3.39 for a comparison of padding methods).

. Multiply f,(x,y) by (-1)™" to center the Fourier transform on the P x O fre-

quency rectangle.

Compute the DFT, F(u,v), of the image from Step 3.

. Construct a real, symmetric filter transfer function, H(u,v), of size P x Q with

center at (P/2,0/2).

. Form the product G(u,v) = H(u,v)F(u,v) using elementwise multiplication; that

is, G(i.k) = H(i,k)F(i,k) fori=0,1,2,....M—1land k=0,1,2,.... N - 1.

. Obtain the filtered image (of size P x Q) by computing the IDFT of G(u.,v):

8, () = (real [ {G.)} )1y

Obtain the final filtered result, g(x, y), of the same size as the input image, by
extracting the M x N region from the top, left quadrant of g, (x,y).
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FIGURE 4.35
(a) An M x N
image, f.
(b) Padded image,
f, of size Px Q.
{(c) Result of
multiplying f,, by
(—1)1’_}'.
(d) Spectrum of
F. (e) Centered
Gaussian lowpass
filter transfer
function, H. of size
Px0Q.
(f) Spectrum of
the product HF.
(g) Image g, the
real part of the
IDFT of HF, mul-
tiplied by (-1)**".
(h) Final result,
g, obtained by
extracting the first
M rows and N
columns of g,,.
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FIGURE 4.9

(a) Gaussian
frequency domain
lowpass filter.

(b) Gaussian
frequency domain
highpass filter.

(¢) Corresponding
lowpass spatial
filter.

(d) Corresponding
highpass spatial
filter. The masks
shown are used in
Chapter 3 for
lowpass and
highpass filtering.
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FIGURE 4.43

(a) Representation
in the spatial
domain of an
ILPF of radius 5
and size

1000 X< 1000.
(b) Intensity
profile of a
horizontal line
passing through
the center of the
image.
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H(u,v) = !

1+[D(u,v) / D,]*"

T

=D (u, v)
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FIGURE 4.47 (a)—(d) Spatial representations (i.e., spatial kernels) corresponding to BLPF transfer functions of size
1000 > 1000 pixels, cut-off frequency of 5, and order 1, 2, 5, and 20, respectively. (e)-(h) Corresponding intensity
profiles through the center of the filter functions.




4.3 SIS TR
RS

H (u,v) _ e—DZ(u,v)/zDg

H(u, v)

0.667 —+

,H)?{EEJ_IEEIEZEE (GLPF) E’Jﬁiﬂﬂi Tﬁiﬂ%ﬁﬁﬁﬁﬁ I E




SLGSENR ANt

r .
-----lll eae
oogo a | a
aaaaaaaa L A
-..... ....-..

»d
N

ol‘.Jaaa

L |
[T

aaaaaaaa j

.;Qi'é,' o
T

aaaaaaaa

[ =
I

aaaaaaaa

ab
cd
ef

(a) RE

(b)-(f) fEREHEEREREENS
R, BIEBRERJ3/910, 30, 60,
160701460,




ab

FIGURE 4.19

(a) Sample text of
poor resolution
(note broken
characters in
magnified view).
(b) Result of
filtering with a
GLPF (broken
character
segments were
joined).

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"

as 1900 rather than t:heﬁ]r
2000.

Historically, certain computer
programs were written using
only two digits rather than
four to define the applicable
year. Accordingly, the
company's software may
recognize a date using "00"

as 1900 rather than t%r
2000.
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FIGURE 4.20 (a) Original image (1028 X 732 pixels). (b) Result of filtering with a GLPF with D, = 100.
(c) Result of filtering with a GLPF with D, = 80. Note reduction in skin fine lines in the magnified sections
of (b) and (c).
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FIGURE 4.21 (a) Image showing prominent scan lines. (b) Result of using a GLPF with D, = 30. (¢) Result
of using a GLPF with D, = 10. (Original image courtesy of NOAA.)
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TABLE 4.6

Bandreject filters. W is the width of the band, D is the distance D(u, v) from the center of the filter, Dy is the
cutoff frequency, and #n is the order of the Butterworth filter. We show D instead of D(u, v) to simplify the
notation in the table.

Ideal Butterworth Gaussian

H(u,v) = DW

2 2

1
4 w _
0 ifDy——5 =D=Dy+— H(u,v) = o
1 otherwise L+ |: D :|
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FIGURE 4.63

(a) Bandreject
Gaussian filter.

(b) Corresponding
bandpass filter.
The thin black
border in (a) was
added for clarity; it
is not part of the
data.
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FIGURE 4.64

(a) Sampled
newspaper image
showing a

moiré pattern.
(b) Spectrum.

(c) Butterworth
notch reject filter
multiplied by the
Fourier
transform.

(d) Filtered
image.
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FIGURE 4.65

(a) 674 X 674
image of the
Saturn rings
showing nearly
periodic
interference.

(b) Spectrum: The
bursts of energy
in the vertical axis
near the origin
correspond to the
interference
pattern. (¢) A
vertical notch
reject filter.

(d) Result of
filtering. The thin
black border in
(c) was added for
clarity; it is not
part of the data.
(Original image
courtesy

of Dr. Robert

A, West,
NASA/JPL.)
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FIGURE 4.66

(a) Result
(spectrum) of
applying a notch
pass filter to

the DFT of

Fig. 4.65(a).

(b) Spatial
pattern obtained
by computing the
IDFT of (a).
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FIGURE 7.10 The transformation matrix and basis images of the discrete cosine transform for N = 8. (a) Graphical
representation of orthogonal transformation matrix A, (b) A rounded to two decimal places, and (c) basis images.
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Basis vectors
(for N=16) of
some commonly
encountered
transforms:

(a) Fourier basis
(real and imagi-
nary parts),

(b) discrete
Cosine basis,

(c) Walsh-Had-
amard basis,

(d) Slant basis,
(e) Haar basis,
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5.1 B E/ERTERRE

e ENBARRSGE, DATELR

Restoration n .
filter(s) I: f(x.5)

RESTORATION ‘

Degradation

flx.y) function
H

Noise
(X, ¥)

DEGRADATION

g(x, y) =h(x,y)* T(X, y) +7%(x y)

G(u,v)=H(u,v)F(u,v) + N(u,v)

FIGURE 5.1 A
model of the
image
degradation/
restoration
pProcess.
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Fig. 1 —Schematic diagram of a general communication system.
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O W s = A
m [E{&IKEL: CCDEHN
u EgfEE: TEm

C1 ) Lo L 7R g i s s 7R
B SHiMERE (Gaussian noise)
B ImFliEE(Rayleigh noise)
B JB=ME7=(Erlang noise)
B i5Z40s (Exponential noise)
®m 5 (Uniform noise)
B FHER MRS (salt-and-pepper)
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FIGURE 5.3 'lest
pattern used to
illustrate the
characteristics of
the noise PDFs
shown in Fig. 5.2.




SSEU- T
"»mou SCIENC®

Gamma

Rayleigh

Gaussian

abc
de f
FIGURE 5.4 Images and histograms resulting from adding Gaussian, Ravleigh, and gamma noise to the image

in Fig. 5.3.




Exponential Uniform Salt & Pepper
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FIGURE 5.4 (Continued) Images and histograms resulting from adding exponential. uniform, and impulse
noise to the image in Fig. 5.3.




EJHRSE 7= (Periodic Noise)
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MATion sclenc®
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a
b

FIGURE 5.5

(a) Image
corrupted by
sinusoidal noise.
(b) Spectrum
(each pair of
conjugate
impulses
corresponds to
one sine wave).
(Original image
courtesy of
NASA.)




53 /\'f._er" o8 E/}Tg/\ ’:'_Ellﬂnubfz

TR AN ET X DN NE S
g(x,y) = f(x,y) + n(x,y)
G(u,v) = F(u,v) + N(u,v)
S5migss/RIEEE
JUFM R RS RS
B H(EEESE (Mean Filters)
O }KF' ZeiHEiEes (Order Statistic Filters)
B EHiEMNEEEE(Adaptive Filters)
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O BRI E 28 (Arithmetic mean filters)
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flx.) nm@EQfU”) {FL 12 A 1

O JL{a]3¥E355E 88 (Geometric mean filter)
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) mn TR,
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O JEFNNEYT e 88 (Harmonic mean filter)
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FIGURE 5.7 (a)
X-ray image.

(b) Image
corrupted by
additive Gaussian
noise. (¢) Result
of filtering with
an arithmetic
mean filter of size
3 X 3.(d) Result
of filtering with a
geometric mean
filter of the same
size. (Original
image courtesy of
Mr. Joseph E.
Pascente, Lixi.
Inc.)
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B FEJEREE(Median filter) &AM, 18
it 2 IRAFE A /MERR, BT
oY) =median{o(s:0} ) ot te 1m0t .

B 5 AE/)\EKEE(Max and min filters)
F0y) = max {g(s.9)} X FIE B BT R I ER

ﬁ f(x,y)= min {o(st)} Ejm%mﬁjk l%ﬁﬁﬁ
S B DA FH SR VH BR oA AR =

_Jas)= j,l,,}EZg%(Mldpomt filter)
f(x, y)——[ max {g(s 9} + min {g(s, t)}}
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FIGURE 5.10

(a) Image
corrupted by salt-
and-pepper noise
with probabilities
P,= P, =0.1.
(b) Result of one
pass with a
median filter of
size 3 X 3.

(¢) Result of
processing (b)
with this filter.
(d) Result of
processing (c)
with the same
filter.




AR/ BRI

)3

e

FIGURE 5.11
AU () Result of
filtering

Fig. 5.8(a) with a
max filter of size
3 % 3.(b) Result
of filtering 5.8(b)
with a min filter
of the same size.




FIGURE 5.12 (a) Image corrupted by additive uniform noise. (b) Image additionally cor-
rupted by additive salt-and-pepper noise. Image in (b) filtered with a 5 X 5:(c) arithmetic
mean filter; (d) geometric mean filter; (¢) median filter; and (f) alpha-trimmed mean fil-
ter withd = 5.
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Periodic Noise Reduction by Frequency
Domain Filtering

PR 28 (Bandreject Filters)
18)FE 728 (Bandpass Filters)
e 25 (Notch Filters)

og dff o




o PRSI ES (Bandreject Filters)

1
LT
[T

A8 PRSI ES(1deal Bandreject Filters)

1 ifD(H,V)<Do—%

w
H(u,v)=40 {fDO—%SD(u,v)SDOjL?

1 if D(u.v)> D, +%

Butterworthts fEjEiR 28 (Butterworth Bandreject Filters)
I

| D(u,viW ”
1+
L)z(u,v') + D%}
BT R S8 (Gaussian Bandreject Filters)

2
1 [DZ(H .v)w%]

H(HDV) =] —¢ 4 Dunw

H(u,v)=
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R 25 (Bandreject Filters)

Il"' T LIRS mll

,‘mlh

.}" |

LT S—

abc

FIGURE 5.15 From left to right, perspective plots of ideal, Butterworth (of order 1), and Gaussian bandreject
filters.




28 (Bandreject Filters)

ab
cd

FIGURE 5.16

(a) Image
corrupted by
sinusoidal noise.
(b) Spectrum of (a).
(¢) Butterworth
bandreject filter
(white represents
1. (d) Result of
filtering. (Original
image courtesy of
NASA.)
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FIGURE 5.19 (a) Satellite image of Florida and the Gulf of Mexico (note horizontal sen-
sor scan lines). (b) Spectrum of {a). {c) Notch pass filter shown superimposed on (b).
(d) Inverse Fourier transform of filtered image, showing noise patternin the spatial do-
main. (e) Result of notch reject filtering. (Original image courtesy of NOAAL)
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PERERITRE:

g(x, y) = HLT(x, y)]+mx,y)
RS

Hlaf ,(x, y) +b f,(x, y)]=aH[f,(x, y)]+bH[f (X, y)]
NERTESG:

H[f(x-ay-Pl=9(x—ay-p
L IEN E A PE A

g(x,y) =h(x,y) * T(x,y) +7(x, y)

G(u,v)=H(u,v)F(u,v) + N(u,v)
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Estimating the Degradation Function

B EES G (Estimation by Image Observation)
B @I SCER{hiT(Estimation by Experimentation)

B B EEFER T (Estimation by Modeling)
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O BYEGASREERRMEITHECEREH

MEIGFEEREESHEHIXE (SXItE)
XHZEGHI TR, 52 gEAMERIRIESER

v AR, BEEFTEENE
HETMEZ RRIEGSE, ST RCRESTHE
G(u,v)

F(u,v)

H(u,v) =
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IR,
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Lmh
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FIGURE 5.24
Degradation
estimation by
impulse
characterization.
(a) An impulse of
light (shown
magnified).

(b) Imaged
(degraded)
impulse.
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FIGURE 5.25
Illustration of the
atmospheric
turbulence model.
(a) Negligible
turbulence.

(b) Severe
turbulence,

k = 0.0025.

(c) Mild
turbulence,

k = 0.001.

(d) Low
turbulence,

k = 0.00025.
(Original image
courtesy of
NASA.)
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sin[zZ(ua +vb)]e ") x(t)=at/T; y(t)=bt/T
‘

FIGURE 5.26 (a) Original image. (b) Result of blurring using the function in Eq. (5.6-11)
witha = b =01andT = 1.
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FIGURE 5.27
Restoring

Fig. 5.25(b) with
Eq. (5.7-1).

(a) Result of
using the full
filter. (b) Result
with H cut off
outside a radius of
40: (c) outside a
radius of 70; and
(d) outside a
radius of 85.
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e = E{(f - /)?)
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1 [H (u,v)|
H V) |Hu, [ +S,@,v)/S,@u,v)

ﬁ(u, C) = G(u,v)
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FIGURE 5.28 Comparison of inverse- and Wiener filtering. (a) Result of full inverse filtering of Fig. 5.25(b).
(b) Radially limited inverse filter result. (¢) Wiener filter result.




FIGURE 5.29 (a) Image corrupted by motion blur and additive noise. (b) Result of inverse filtering. (¢) Result
of Wiener filtering. (d)-(f) Same sequence, but with noise variance one order of magnitude less (g)-(i) Same
sequence. but noise variance reduced by five orders of magnitude from (a). Note in (h) how the deblurred
image is quite visible through a “curtain” of noise.
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FIGURE 5.32

(a) Flat region
showing a simple
object, an input

5.10 HIRF B

i
R

Absorption profile

iy

Beam

WEIRIITAARRRTARELL!

parallel beam, and —

a detector strip. —\"_

(b) Result of back- Ray Detector strip
projecting the

sensed strip data m

(ie., the 1-D absorp- TARAAARAAANRRRRRRAT

tion profile). (c) The
beam and detectors
rotated by 90°.

(d) Back-projection.
(e) The sum of (b)
and (d). The inten-
sity where the back-
projections intersect
is twice the intensity
of the individual
back-projections.
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FIGURE 5.33

(a) Same as Fig.
5.32(a).

(b)~(e)
Reconstruction
using 1,2,3,and 4
backprojections 45°
apart.

(f) Reconstruction
with 32 backprojec-
tions 5.625° apart
(note the blurring).
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FIGURE 5.34 (a) A region with two objects. (b)—(d) Reconstruction using 1, 2, and 4
backprojections 45° apart. (e) Reconstruction with 32 backprojections 5.625° apart.
(f) Reconstruction with 64 backprojections 2.8125° apart.
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FIGURE 5.35 Four

generations of CT
scanners. The
dotted arrow
lines indicate
incremental
linear motion.
The dotted arrow
arcs indicate
incremental
rotation. The
cross-mark on
the subject’s head
indicates linear
motion
perpendicular to
the plane of the
paper. The
double arrows in
(a) and (b)
indicate that the
source/detector
unit is translated
and then brought
back into its
original position.
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n T'k%ﬂ_‘_\‘_‘EIJM X Ng'f%ﬁ@jj_‘(ﬁ, T‘k'il:‘lfﬂ*%%'pr(rk)

Nk
pr(?"k) = W'k = 0,1,2,...,L —1

L-1
Lavg - z I(Tk)pr(rk)
k=0

] ’}Z‘ﬁ%ﬁﬁ% Lavg=1.81 bit
] ﬁ‘ﬁ%ﬁﬁ% Lavg=8 bit
[1 C=8/1.81=4.42 R=1-1/C=0.774

'y pr) Code 1 I(rg) Code 2 Ir(ry) TARLER.)
Example of
rg; = 87 0.25 01010111 8 01 2 "afi.ablc'l‘-‘ﬂgth
rips = 128 0.47 10000000 8 1 1 coding.
rigs = 186 0.25 11000100 3 000 3
ryss = 295 0.03 11111111 3 001 3
r for k+# 87,128, 186,255 O — 8 - 0
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Value Rating Description

1 Excellent An image of extremely high quality, as good as you could
desire.

2 Fine An image of high quality, providing enjoyable viewing. 41l i g3y
Interference is not objectionable. EE})DEE ﬂ: /L ’E‘

3 Passable An image of acceptable quality. Interference is not é/l:{ E]/\] _ﬂ_é& R ):E
objectionable.

-+ Marginal An image of poor quality; you wish you could improve it.
Interference is somewhat objectionable.

5 Inferior A very poor image, but you could watch it. Objectionable
interference is definitely present.

6 Unusable An image so bad that you could not watch it.

EXAMPLE 8.3: Image quality comparisons.

Figure 8.4 shows three different approximations of the image in Fig. 8.1(a). Using Eq. (8-10) with
Fig. 8.1(a) as f(x,y) and Figs. 8.4(a) through (c) as f(x,y), the computed rms errors are 5.17, 15.67,
and 14.17 intensity levels, respectively. In terms of rms error (an objective fidelity criterion), the images
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Image Compression
Standards, Formats, and Containers

Still Image
|
Binary Continuous Tone
CCITT Group 3 JPEG
CCITT Group 4 JPEG-1S
JBIG (or JBIG1) JPEG-2000

JBIG2 BMP

I IFE GlF
PDI

EAINCT
I'IFE

Video

DV

H.261

H.262

H.263

H.264
MPEG-1
MPEG-2
MPEG-4
MPEG-4 AVC

HDV
M-JPEG

Quick’l'ime
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R = gmhy

ER 2D YR:
(1) BERAF?, el A5 AT 5 20E

Original source Source reduction

Symbol Probability 1 2 3 “

dy 0.4 0.4 0.4 0.4 0.6

dg 0.3 0.3 0.3 O,Sj 0.4

dy 0.1 0.1 0:2 ]—> 0.3

a4 0.1 0.1 0.1

a3 0.06 :I—> 0.1

(s 0.04

EAETEREGE B HBUBER BN RIRT =, mbth LJs A R
PR Y IR N AT S, LSRRG, AT
& B RS AT Re D A R EIR B . EETHARK
it I3 1 e B fE )




R = gmhy

ER 2D YR:
(2) xEAfaitlJa KR IREEAT fd, Ma/MB IR,
B 23 P R AR5 IR

Original source Source reduction
Symbol Probability Code 1 2 3 4
a, 0.4 1 04 1 04 1 04 1 —0.6 0O
ag 0.3 00 0.3 00 0.3 00 03 00= 04 1
ay 0.1 011 0.1 011 02 010=——0.3 01 <
ay 0.1 0100 0.1 0100 :(0.1 011 =
ax 0.06 01010 0.1 0101
ds 0.04 01011
TR

Lavg=04 X1+03X2+01X3+01X4+0.06X5+0.04X5=22



 IER2S4wIB(Huffman Coding), NIREXRESIREY
= 19514, MITHIMSKRERZFIEFERYTS ASKEREER, &
IhEiFtE, WRMEESA— M LEITHENFEIRES,
A LABESINE.

« IRREEZFRECE 7 FHIRS! Kk
iE’JEﬁE = SHERENH R

o

/N = ﬁ?ﬁxﬂq—xJ:T— /3 B
BeERITI —HHdmiY” pURS, &

ExRWTEE: “ (RXBFRRIATT
B0« TTRER” is (PG b Meties WL, ki o S Affgheang Segs 1991)

David A. Huffman (1925-1999)
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O R —MEIERT 5 A Sy — /T 03 12 18] ) 524K
O -fl: XPRE 455G IR 55 7 5147 g

Source Symbol Probability Initial Subinterval ’f_‘é Y5
a 0.2 [0.0,0.2)
a, 02 [0.2,0.4)
a, 0.4 (0.4,0.8)
= ATV d 02 (0.8, 1.0)
Encoding sequence —— s \
@ o “ s o | BEEGREFEAIKERIK,

L 0.2 — 0.08 — 0.072 — 0.0688 =t ﬁ%%%%ﬁgﬁ@iﬁﬁ

a4 ay ay as a H ) ’
/ g —-// . 006752 — — | ARTTAFAE PN SL Bk o R
A5 b5 I RE o iRk 2

a3 / a3 as 4 g XA PR
1. T BN — AN R 4

a / ) 0 “2_\ a | RIRINES KT FEANE
aj

\ i 1, HE
ay a a 41 v vE e
- 0 0.04 — 0.056 10,0624 — 2. SUEREA IR
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O ok 22 .4 AR A 25 0] T4 I 5 9%
O BEKiEFEai ST KGR S T4

LZWERES (Encoding) BIBOVEBESTHRES , MREHENFHFRRGFICES L, XEITEEAR
RNRIEREFNTHFS |, SHESR |, fIITF558

ABABAB

LSRN FRABEEEESEHI T , XER(IOTLIB—MSFFHCEETAB , =2 , XEFRFEN=F
SR LUETS :

AB22

XER{ TR EFRARKHNEE(Symbol), FBAAKIBEREIREEET ? LG , BINRIAEST0ET
A, BF1ETE, T AN ERENESIETZE— TS (Symbol Stream)
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XEBEE—NGE | A 2E—PABTBA2ER ? lIFERR222 , XEFNTET—MNEES ? X/NE/ET
Br ES | HARLZWRI— M2 OEAE |, BIEREHIRIREEIREE (self-explaining) B, H4ER ? fiFHE
ASESHESEHEN , EREENIHE | —FHAFEER T EAN0->AM1->BZ/NHREHTIRET ,
2->ABRIERRERANTIET AR, XHEKERELGISIEE CaESFARISE <8I |, filln
2->ABRUNATERRY , TEARBANTIEF AR HRISeT ARYFEa,

B EENFIFFRiREE , 1B ABABABRASAYTIE :

1 i&FA , BoFER , &i3H0,

2,385 , B1FER , ®iBH1,

3. BT —"FEAB , i I0iRET2->ABRISEE,
4, EEN HMTABFE , #E2FEE,

PAETEERE— MR , FHERELZWREBIZE  REATERENES, TS HESTEANIBEA
RAERFEIR2->ABRY , FTLAE( /R BEERRISE |, (FAFR2->ABEAN E—IiF . XIFER
£3012208H2 , ARISRAESLIRIYO1HERITHRAIEARIS , FEEMAFEIR2->AB , XIEABLSEEHN
AO2ERERIT AB, SCRR HARISERR B CIREH 7 4RESaT2- > ABERANITIE,

‘RISHIRFEORR R MRS SHEHA , EaTEr=H |, FILIRBNITEDLE— N ENERRIS T
5, RSO , AEEH | SAEZAICESRHNFAEIE EBIRISANIE | R THRETH
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